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This book is about indefinite integrals, definite integrals, and integral applications. It is divided into three 


chapters, structured as follows: 


Chapter 1 covers indefinite integrals. The first section of this chapter provides a basic introduction to integrals 
and integration rules. The second section looks at the main methods for evaluating integrals, including 
integration by substitution, integration by parts, and the integration of partial fractions 

Chapter 2 covers definite integrals. The first section looks at the concept of the definite integral and its 
properties, and introduces two important theorems: the Fundamental Thorem of Calculus and the Mean Value 
Theorem. The second section is optional, and covers the integration of three particular types of function: 
absolute value functions, sign functions, and floor functions. 


Chapter 3 builds on the material of the previous chapter by showing some practical applications of the definite 
integral: finding the area under a curve and the length of a curve, and calculating the volume and surface area 
of a solid of revolution 


Key emphasis is placed on the methods of integration by substitution and integration by parts in the second half of 
Chapter 1 and throughout the rest of the book. I consider these methods to be the most important ones, as they form 
the basis of many of the other integration techniques. Therefore, if the student masters these two methods, he or she 
will be well equipped to approach any integration problem 


The book follows a step-by-step teaching approach, which leads the student from basic definitions and concepts to 
a gradual mastery of the topic, through a large number of clear, solved examples. At each stage, students’ progress 
can be checked through regular ‘Check Yourself sections and graded exercises at the end of each section (see the 
section ‘Using this Book’ at the end of this preface for more information). In addition, the Chapter Review Tests at 
the end of each chapter check students' understanding of the concepts and techniques in the whole chapter. The 
review’ tests are graded from easy to hard, with review test A being the easiest, review test B being slightly harder, 
and review test C (if present) being the hardest level of all. 


Integration is important in many areas of mathematics, engineering and architecture. If you are planning to study 
any of these things beyond high school, you will need a good, basic understanding of integrals before you begin your 
university course. This book has been written to help you understand integrals when you study them for the first 
time. Take time to understand the material in this book, as your university teachers will expect you to know it when 
you arrive at university. 

Integration is generally the last topic you will cover in your high school math course. The reason for this is simple: 
integration builds on a lot of the math you have covered in previous classes. Therefore, before you begin, make sure 
you have a good understanding of the following topics: polynomials, rational expressions, trigonometry, and 
logarithms. 
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This book is designed so that you can use it 


effectively. Each chapter has its own special color Chapter pyjinite huexrals —, \ 
that you can see at the bottom of the page. a mem | 
t 


Chapter 3 Ipplications of Definite Integrals x] 


Different pieces of information in this book are useful in different ways. Look at the 
types of information and how they appear in the book: 


Notes help you focus on important details. 


| We can make the following generalizatié When you see @ note, read it twice! Make 


™~m,Lae sure you understand it 


Definition boxes give formal descriptions of new concepts. Rule me 


boxes give direct methods for finding the answers to questions 
Theorem boxes include propositions that can be proved. The 
information in these boxes is very important for further 
understanding and for solving examples. 


Pu) and u(r) 
respectively. Then 


ee 


| tic 


Examples include problems related to the topic and their 
solution, with explanations. The examples are numbered, so 


you can find them easily in the book. y 


| EMS 13 era 
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Solution 1 Letu= 
an 


oe oa ns 
— a aoe “a an, Lie 


oh «a 4 
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Check Yourself sections help you check your understanding 


a 


of what you have just studied. Solve the problems alone and | 
r then check your answers against the answer key provided. If Check Yourseir > d 
| your answers are correct, you can move on to the next Evaluate the fi |§ 
x section. If your answer is wrong, go through your working px earal | 
r again and check back through the examples in the section sen 3 | 
MIS aa} 
A small notebook in the left margin of a page reminds you of 
4 .% ants? material that is related to the topic you are studying 
er: expo" Notebook text helps you to remember the math you need to 
( prope oat understand the material. It might help you to see your } 
) " ‘ jc mistakes, too! Notebooks are the same color as the section 
. \ > __ f= & an you are studying 
] 
4 \ 
J Special windows highlight important new information 
Windows may contain formulas, properties, or solution 
- procedures, etc. They are the same color as the color of 4 
) the section 
} 
7 Exercises at the end of each section cover the material \ 
if inthe whole section. You should be able to solve all the 
ov problems which do not have a star. One star (<) next 
_S to a question means the question is a bit harder. Two 
stars () next to a question mean the question is for 
students who are looking for a challenge! The answers 
/ to the exercises are at the back of the book 
The Chapter Summary at the end of each chapter 
summarizes all the important material that has been 
/ covered in the chapter. The Concept Check section 
contains oral questions. In order to answer them you don't 
need paper or pen. If you answer Concept Check questions 
, correctly, it means you know that topic! The answers to 1 such that F@) = a 
d these questions are in the material you studied. Go back, \5 F) is 2a i fT ue 
> over the material if you are not sure about an answer toa =~ Se tchinit aN \ 
f Concept Check question. Finally, the Chapter Review tests \ 
include questions in increasing order of difficulty and 
! contain multiple choice questions. The answer key for J. {0)=f(*-x+3) de then wharis 7)? j 
y i 
} these tests is at the back of the book. 13 5 
= ee 
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NT RODUC TION 


From your previous studies you know how to find the derivative of a function. By using the derivative 
we can find the slope of a tangent line to a function at a pot, as well as the mtervals of monotony and 
local maximum and minimum points of functions. 


In this book we have one question to answer: we can find 
the derivative of a function, but if we are given the derivative 
of a function then can we find the original function? Trying to 
answer this question leads us to the concept of inte gration. 

We can define integration in two ways: 

1. as the process of finding the primitive function ofa given 
derivative, or 


2. as the process of finding the infinite sum of small parts. 

This gives us two types of integral. The first tvpe of integral is 
called the indefinite integral (or antiderivatiye), and the second 
type is called the definite integral. 

The History of Integrals 

We can say that integration began with the problem of finding the area between a quadratic or cubic 
function and one or more axes. Another related problem was finding the volume of revolution that we 
generate by revolving a figure around any axis. Mathematicians began studying these problems in ancient 
times. 

Hippocrates (440 B.C.) tried to find the area under a curve by dividing the curve into some small 
rectangles. This gave an approximate value of the area under a curve. 

After Hippocrates, Archimedes (287-212 B.C.) used a polygon with 96 sides to find the area under a 
curve and also the area of a circle, and calculated the number z approximately. Archimedes tried to divide 
the area under a curve into hundreds of infinitesimal rectangles to obtain his results. 

Muslim mathematicians also tried to find the area under a 
curve. Thabit ibn Qurrah (826-901) found the area of a 
circle using complicated methods. In the eleventh century, velocity (0) 
qbn al-Haytham evaluated the volume of revolution around 
any axis. 


In the fourteenth century, Heytesbury found the formula 
for calculating the distance of an object moving at a uniform i 
velocity. The area under a velocity-time graph gives the ‘1 time (t) 
distance, and the area under an acceleration-time graph gives 
the velocity of the object. By using this information, Nicole 
Oresme invented kinematics. 


displacement 


In the fifteenth and sixteenth centuries, European sailors were exploring the world and needed to find 
the distance between any two points on the Earth's surface. For this reason, Edward Wright evaluated the 
approximate value of the integral of the secant function. In the seventeenth century, Kepler evaluated the 
volume of many types of solids of revolution. 

Fermat (1601-1665) evaluated the area under the curve of y = ax* by 
using an infinitesimal number of inscribed and circumscribed rectangles. At 
the same time, Vincent evaluated the integral of — and his student 
Sasara found the other logarithmic functions, then Neile calculated the arc 
length of a curve. 

In 1670 Bartow collected all known information about integrals in a 
book. One of his followers, Newton (1642-1727), studied these topics and 
wrote a book called On the Quadrature of Curves about integrals. In his 
work he developed the Fundamental Theorem of Calculus. By using this 
theorem he found many of the formulas of integration, including the 
substitution method and integration by parts. 


Gottfried Wilhelm Leibniz (1646-1716) thought about the area under a 
curve and divided it into infinitely infinitesimal rectangles, whose infinite 
sum gives us the total area. In his calculations he used the symbol fy dx. In 
this notation, J is the first letter of Greek word summa (meaning ‘sum’), y 
is the ordinate ofa given point, and dx is the differential (i.e. dx is the width 
of the rectangle and y is the height. If we multiply them we find the area of 
a small part. If we add all these infinitely many parts we obtain the total 
area.) 

Newton's Fundamental Theorem of Calculus tells us that the 
integral is the inverse of the derivative: it is the antiderivative. However, 
Leibniz's discoveries and mtegral notation were also important for our 


understanding of the integral as the area under a curve. For this reason, we 
can say that Newton and Leibniz are both fathers of the integral. 

Other important mathematicians in the development of integral calculus are Bernoulli (who studied 
the integration of partial fractions), Cauchy (for his work on integrals as the limit of infinite sums, and the 
Mean Value Theorem), and Riemann (who developed general formulas for the integral of any 
function). 

Mathematicians, physicists, architects and engineers today use many advanced properties of integrals 
and special integration methods. In this book, we will begin our study of the subject by looking at the basic 
rules and definitions developed by Newton, Leibniz and their successors. 


aera aray, ae 
2 ANTIDERIVATIVE AND INDEFINITE INTEGRAL 
Tae ee 2 Pe ee ee dE a 


A. DEFINITION OF THE INDEFINITE INTEGRAL 


The set of all antiderivatives of a function is called the indefinite integral of the given 
function. 


nudefonte-jnte 
Let F(x) be a differentiable function such that F’(x) = f(x). Then F(x) 1s called the primitive 
or antiderivative of the function f(x), and the expression F(x) + c is called the indefinite 
integral of f(x). 


We write the indefinite integral as follows: Fico) dx = F(x) +c. 


The different parts of the expression are as follows: 


THE INDEFINITE INTEGRAL 


in sign differential constant of integration 


ferent (e) 4 


/ 


integrand primitive of fix) 


The differential dx in the expression shows that we mean the indefinite integral with respect 
to the variable x. We can also find the indefinite integral with respect to other variables, for 
example: 


fio dt=F(t)+ec. 
We read the expression Jf@ dx as ‘the integral of f(x) with respect to 
x’. The process of finding the integral of a function is called integration. 


To find the integral of f(x) we ask the question: ‘the derivative of which 
function is f(x)?’. 

In other words, integration is the reverse operation of differentiation. 
This 1s why the integral 1s sometimes called the antiderivative of a 
function, plus a constant term. Let us look at some examples. 


Integrals 


= | 


P exanece Be} 


P exanrue ey 


= 4 


Solution 


P exaneue Ie 


Solution 


Indefinite Integrals 


fox d= 456 


(The derivative of x* is 2x, so fox d(x)=x° +c.) 


fax dx=x* +e 

(The derivative of x* is 4x°, so fae dx =x‘ +c.) 

fomx dx =—cosx+c 

(The derivative of -cosx is sx, so fsmx dx = -cosx+c) 


In examples 1 to 3 we add a constant ¢ to each primitive. Why do we use it? To understand 
the reason, let us look at the derivatives of three different functions: 


y=x, y! = 2x; 
y =x 3, aj = Wxy 
y=x°-6, y= Qe; 


We can see that the derivatives of the three functions are the same but the primitive 
functions are different. In other words, the integral of 2x could be x°, or x° + 3, or x° — 6, or 
any other expression of the form x° + c, where c is a constant number (i.e. not a variable). 
Similarly, the integral of 3x° could be x° + 7, or x* — 12, or any expression of the form x* + c. 
In fact, when we find the indefinite integral of any function we need to add a constant term, c. 
This constant is called the constant of integration. 


Note 


We must always use the constant of integration when finding an indefinite integral. 


Tf f’(x) = 2x and f(3) = 7 then find f(x). 


Se) = JF’) dv = faxdv=x* +e 


{@8)=38'+c=7 


c=-2 ways 
So f(x) _qconstant of integrati 
when finding an indefinite integral 
= 


fax=2? 


We know that dx = 1- dx andy = x,y’ = 1. 
So Jax=fl-de=xte 


—— 


EEE 6 fa-? 


Solution This is the same as Example 5 except we need to integrate with respect to y. So fay =yte. 


7 Jacan=? 


Solution Using tan x as vaniable, facanx) = fi-acanx) =tanx+c 


B. PROPERTIES OF THE INDEFINITE INTEGRAL 


Proof 


1. The differen tal of the indefinite integral is equal to the expression after the integral sign: 
a f f(x) dx = f(x) dx. 
2. The derivative of the indefinite integral is equal to the integrand: 
ad d 
sel FO) dx= J FSO dx=fo, 
The integral and derivative are inverse operations so they simplify each other. 


5. The indefinite integral of the differential of a function is the same function with a constant 


term added: fare = F(x) +e. 


4. Constant multipliers can be taken outside of the integral sign: 
fa -f(x)dx=a fre dx. 
©. The integral of the sum or difference of two functions is equal to the sum or difference of 
the integrals of the given functions: 


Jlrs] a= ff dv foray ae. 
To prove each property we will use the definition of integration: 
if F’(x) = f(x) then Fe dx = F(x) +¢. 
1. Differentiating both sides of the equation reo dx = F(x)+c gives: 
af fox) dx = (F(x) +c) = F(x) dx +0 dx = f(x) dx. 
So df f(x) dv =f(x) dx. 


N 


. Again, using the definition we get 
d G , , 
gy Fee = FO) dry = FO) +07 = F@) +e =f) +0 = fa. 
The proofs of properties 3 and 4 are left as an exercise for you. 

o. Let us take the derivative of both sides of the statement to be proved: 


(JLF@) £ 9@)] avy = (fF) ax + f(x) dry’ 
FO) £90) = (F(x) dxy £(f g(a) avy’ = for) £90). 


Integrals 


8 m= fac? —2x° +1) is given. Find f(2) if f(1) = 0. 


Solution Let us use the third property of mtegration: 
F(x) = fd@?-2x° +) = Fax? +140 
f0) = P-2-V+4+1+c=0 5c = Oandfx) =x°-2x° +1 
fQ) =2-2-9°+1=8-8+1=1. 


Q fx FG) dv = 3x4 +4x° —x* ts given, Find f(x). (x #0) 


Solution We can use the second property of integration. Take the derivative of both sides: 
dyye @ nat — 
—]|x°- f(x) dx= 3x" + 4x" x 
az! Fe) rs ) 
x. f(x) =12x°+12x°-2x 


f(x) = 1ax+12-2. 


EXAMPLE 1 C1] Evaluate the integral fos x—-3x° +e") dx. 


Solution By the fifth property of integration, Joimx—3x° +e) dx= fanx dx — fax* dx+ fer dx, 
But we know that (cosx)’ = -sinx, (x°)’ = 3x* and (e*)’ = e’, 


so fsmx ax—[3x° ax+fe* dx = -cosx—x° + e* +c. 


V1 £m = 128 + 6x*~ 4x — 5 and f(2) = 5 are given. Find the value of f(1). 
Solution Wecanuse the second, fourth and fifth properties of integration. Integrating both sides gives: 
J£/Go av = [2x +6x° —4x-5) de 
f= fi2x° dx + [6x° dx fax ax— fo ax 
=3.f4x? dv+2.[3x* dv-2[2x dx—5fax 


= Brat pie Qin + ig Bie ee, ee, 


= 3x" + 2x? 2x? - 5x +(e, + o tc, +c): 


Indefinite Integrals 5 


However, the expression c, + c, + c, + ¢, 1s equal to any constant real number, so we can 
replace it with the single constant c: 


f(x) = 3x* + 2x? - 2x°- Se te. 

Now f(2) = 5 (given), so 5 = 3-2 + 2-27-2.2°-5.2+c=48 + 16-8-10+c=46 +c. 
Soc =-41 and f(x) = 3x* + 2x° — 2x°- dy - 41, which means 

GQ) = 3-14 + 2-1°-2.1°-5-1-41 =-43. 


Check Yourself 1 
1. Evaluate each integral by using the definition of integration. 
a. fox? dx ib. f3sinx dx t: fae ax 
2. Use the properties of the indefinite integral to calculate each integral. 


a. Jo? +4x°-3x-1) ax b J 4+ 4cosx-e* ax 
x 


3 fe + f(x) dx = x° — 4x? + 2x° +1 is given. Find f(x). 
Answers 


1. ma? +c b.-3cosx +e c. 2e* +e 


i ge ease 
20 2 8 ee | pate asma-ete 3. s(xyaox—-24 4 
4° 3 3 ae ar 


C. BASIC INTEGRATION FORMULAS 


We have seen that integration is the opposite of differentiation. Therefore we can take the 
formulas we found for the derivative and ‘reverse’ them to obtain formulas for the integral of 
a function. Let us look at each set of formulas in turn, along with some examples of their 
application. 


Note 
The formulas in this section come from ‘reversing’ the formulas we found for the derivative. 
We will not prove them here. 


BASIC INTEGRATION FORMULAS - 1 


4d 


a. lena we n#-1 


n+l 


b. Jadv=axtc foraeR 


bam, haga 


12 fr a=? 


Solution Using formula la: f= ax => 
341 


EN 13 fe? 


Solution v dx 


14 fax a=? 


Solution (32° dx= 3fx° dx =3 


SUES 15 foet+4x?-2x°+x-5) ava? 


Solution 


Check Yourself 2 
Evaluate the integrals. 


2 
a Jee b ¢ fot 8 txtydx 
2 
d JD dx e Jorn? ax f. J@x? +4x* — x) dx 
Answers 
“ 
a. +e b. —+e c 
8 = 
2 
d e. 42° txt 
3 
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BASIC INTEGRATION FORMULAS - 2 


a. fo ax=mi sire 


bs jp ax 


ue) =In| u(x)|+¢ 


16 [e-? 


Solution iS dy=In|y|+e 


17 j2 0-2 


Solution Using formula 2b: f= dx =Infx*|4e=Inx* +e since (x°)'= 2x 
x 


18 (2 a=2 


sinx 


cos.x 
six 


Solution if dx =In|smx| +c _ since (sinx)’ = cosx 


EXAMPLE [i oer need 
x-3 
Solution [Ay @ = 4x31 +c since (x- 3) =1 
x- 


Check Yourself 3 
Evaluate the integrals. 


afts-S)e RP a cf aae 


4 5 3 
a. n|[x|+—+ Lar b. 5% ¢0243In|x| 4240 c. =In|5x+1[+e 
2x 4 x 5 


x 
pe Integrals 


BASIC INTEGRATION FORMULAS - 3 


EE 20 fx a=? 


Solution fo dx = aa 


+e 


CEE 27 fas: a= 


Solution fas ax= 4.5" av= 48 re 


EE 22 fae a=? 


Solution fae dx = 4e* +¢ 


23 re 


ty: on (7) 
3 


Solution fa ax =| 7 Sie aayet’ 


Properties of Exponents: 


ata" =a" 


2G foc ax=2 


Solution foe ae= Se: fe* dx =5e -e* +¢=5e™ +c 


Indefinite Integrals a) 


[exanpue BE 


Solution 


En 26 


Solution 


EE 27 


Solution 


fess dx =? 


(ey et 


ol eee Ce = 
fe dx=e Je dx =e ine) c 5 


Note 
We can make the following generalizations of formulas 3a and 3b: 
jen dx=le™ to, re3) 
a 
mete 
far= dx = ie +c (2) 
m Ina 


fetrax =? 


1 
By (1) above, fe dx =—e**' +c. 
la 


fortar=? 
By (2) above, 
ae ae 
jor (he ae Cae —+te. 
3 Ind 3ln5 


Check Yourself 4 
Evaluate the integrals. 


Bed 


: ua 
a fox ax b fe-syax c je dx d. [[sor+ Jax 
©. f3e* ax f [ze ae g fa ax h. fae ax 
Answers 
“ a set sos 
a, 23%, wo A 5 OP a, 2:5 
n3 m2 m3 5in6 nd 
a8 teeta 
ee +e £eetc a2 +c n. 2" +c 
In? e-In2 


Integrals 


BASIC INTEGRATION FORMULAS - 


a, Jsmx dx =—cosx+c 
1 
b. | sin(ax+b) dx =——cos(ax+ b)+c¢ 
a 
c Jeosx dx = sinx+c 
d. | cos(ax+b) dx= Le caso c 
a 
@.. f. Z dx = f sec’ x dx = [d+tan* x) dx=tanx+c 
cos’ x 
1 ‘ 1 
f. f———.- dx = [sec (ax +b) ax =fa+ tan*(ax+b)) dx= —tan(ax+b)+c 
cos (ax +b) a 
f—2 2 2 
£ — dx = [ese xdx =[(1+ cot x)dx = -cotx+ec 
ie 
h —— a= Jese(ax-+b) ax= fat cot"(ax+ by) dx= ee ortaee byte 
¢ ¢ ¢ ¢-¢ sin’ (ax + b) a 
Inverse Trigonometric J 1 a 
Identities: 1 Ix = arcsin x + ¢, = —arccos x + Cy 
aresinx +arecos x = = ie 
arctanx + arccot x = z J. J 4 =dx = arctanx + c, = —arecot x+ c, 
2 Ee az 
28 fasne a=? 


Solution 


Ex 29 


Solution 


4smx ax =4- [smx dx= Acosx+c 


sin3x dx=? 


1 
sin3x dx = igen c 


Indefirnte Integrals 


1 tashih 
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BO [cosc7x+3) ax=? 


Solution [cos(7x+3) dx= pint 3)te 


BI] fosmex- ax? 


Solution fosin (2x-1) dx= 3: fsin (2x-1) dx=5 “Fes 2x- }) +c=- ses (2x-l+e 


32 je 


Solution (aaa dx = 1 tan3x+e 
cos* 3x 3 


33 [ocorvar- 


Solution Jose*(ox-3) dx= ~Z cot (sx -3)+¢ 


BA feos’: av=7 


1+cos2x 


Solution Jeos* xdx= |e 
Reducing degree of 
1 cos2.x cosine and sine: 
ol. apa Lt 00523 
cost x= 
2. L~cos2x 
Pipe Binoy te, sin? x= ————— 
2 22 os 
x sm2x 
=a+ +c 
2 4 


3 : Integrals 


BB for xax-7 


Solution foot? x dx = Jecot®x+1-1) dx 
= J (cot? x+1) ax —fax 
=-cotxt+c¢,-x+c, 


=-cot 


| EXAMPLE | 3 6 Joos? 3x dx- J sin® 3x dy 


-¢ 


Solution Joos* 3x dx ~[sin* 3x dx = J(cos*3 x —sin*3x) dx 


= foos6x dx 


sm6x+¢e 


cete¢ 


Double Angle Formulas 
cos 2x = cos” x -sin*x 
sin 2x = Qsinxcos.x 


Indefinite Integrals 


37 f3tan?Qx+1) dv=? 


Solution [3tan°Qx+1) dv=3ftan*Qx +l) ax 


= 3f(+tan*(2x +1) -1) dx 
= (Stan @x+)— x)te 


= Seaman) —3xt+c 


Check Yourself 5 


Evaluate the integrals. 


a. fom x-cosx)* dx b J@sinx-3cosx) 
d S (sat ja e Jsin4x ax 
cos*x sin’ x 
g fran? Qx h. Jeot®(3x-+1) dx 
— dx 

: le 
Answers 
a x4 Scout c b. -2cosx — 3sinx + ¢ 
d tanx—-cotx +¢ e —feosarte 

tan2x ac h eet) ete 


j. Sarctanx +c 


3 


‘oa 


£ Joos(5x- 1) dx 


i fom’ x dx 


3 
c poem ¢ 


£ Zsin(ox—D +e 


Integrals 


Sir Isaac Newton (1642-1727) 
Sir Isaac Newton is one of the greatest mathematicians in the history of mathematics. 


Isaac was born in England in 1642. His father was a 
farmer but he died before Isaac was born. Isaac's 
mother remarried when Isaac was tu’o years old and left 
Isaac in the care of his grandmother. Isaac went to 
Trinity College, Cambridge in 1661 


At Cambridge, Isaac want to be a lawyer, but first stud- 
ied philosophy. However, when he learned about the 
work of Descartes in algebra and analytic geometry he 


decided to study mathematics and mechanics. He 
studied mathematics and physics until the University closed in 1665 because of the 
plague. Then he went home to Lincolnshire for two years. 


While Isaac was at home he studied mathematics, optics, physics and astronomy. In 
this period of two years he established the beginnings of differential and integral 
calculus, independently of from the discoveries of another mathematician, Leibniz. He 
also made discoveries concerning the area of the region under a curve, the tangent of a 
curve at a point, and the maxima, minima and arc lengths of curves. 


In 1669, at the age of twenty-seven, Isaac returned to Cambridge University and 
became a professor of mathematics. Then he studied optics. In 1672 he was elected to 
the Royal Society. 


Newton's greatest works were about physics, mechanics and optics. He also discovered 
the rules of gravity, and made important discoveries in calculus. 


Newton wrote his most famous book, the Principia Mathematica, in 1687. In the 
Principia, Neuw'ton described his work in physics and tts applications in astronomy and 
mathematics. Some people today consider the Principia to be one of the greatest science 
books ever written 


In 1693, Newton suffered a nervous breakdown so he stopped his research and took up a 
government position in London. In 1703 he was elected President of the Royal Society. 
In 1708, Queen Anne knighted Newton, and he became Sir Isaac Newton. He was the 
first scientist to be so honored 


Isaac Newton died on 31 March 1727 in London. 


EXERCISES 1.1 


A. Definition of the Indefinite Integral e, feos4x dx 
ll, Evaluate the integrals. £ Jzsmx as 
. |dw 
* & [de* dx 
b. faz . 
h Jcos3x+4sinx—4e*) dx 
c. facosx 
d face +3x° -) C. Basic Integration Formulas 
7, Evaluate the integrals, using the basic formulas 
for integration. 
B. Properties of the Indefinite Integral a, Je ae 
2. Given f(x) = face —1) and f(1) = 2, find f(5). ” fa a 
c fer dx 
3. Jx-FQ) dv =x° 45x41 is given. Find f(x). en es ae 
x 
© J 3x7 dx 
4. Jxe-Foy ax = 5 _4x? —x +1 is given. Find f(2). dee a 
£ ie stoa- a) dx 
5. f(x) = 5x° — 4x + 1 and f(1) = 3 are given. Find & fse™ dx 


f(3). 


a 


fox +4x-1) dx 


6, Evaluate the integrals. 
8. Evaluate the integrals, using the basic formulas 


for integration. 


p 


4 Jocosx+ 4x? —2e"*) dx 


2 


a. J x ax 
b. f(x? -3x° +5) ax 
3x° 
5d: b. dx 
* lie fe 
d. [xt ax c JGriity dx 


: (: Integrals 


d. [(Ginx+cosx) dx 10. Evaluate the integrals, using the basic formulas 
for integration. 
e. frax 
e a fsm4x dx 
£ ae dx 
x+1 b. feossx dx 
1 4 
—— dx c. z 
& x-1 Swe = 
4x? +3x°— 4x41 a ee 
h. [———.——- a sin® 2x 
x 
e Jasec® Ax dx 
9, Evaluate the integrals, using the basic formulas 
for integration. £ fun? iis 
a, fe™ dx 
& Jecot® x+2) dx 
b. fe* dx 
3 
h dx 
ce. [3e* dx las 
4 
a 4 
da. f5e™ a is a 
e, [Te dx J (= ~- dx 
x 
24 ay 
f Jah" dx k Jcos(8x—4) dx 
g. |5* dx 1 i 1 = 
= V1-4x" 
h. [6° dx a 
5 
m. J = dx 
i. |[4*-* de BE okt 
n fsin*® x dx 
j. [3 dx 
k f1o0™ ax 0. feot* x dx 
1. [4-3> dx Pp. f(an*x-1) dx 


Indefinite Integrals 


We have seen how to use basic integral formulas and properties to find the integral of 

different functions. However, for some questions, using just these rules will not be enough to 

find the integral. 

In this section, we will look at other methods we can use to integrate a function. These are: 
integration by substitution, 


Integration by parts, 
and special methods for the Integration of rational, radical and trigonometric functions. 


A. INTEGRATION BY SUBSTITUTION 


Proof 


For some integral problems, using x as variable does not give an expression that we can 
integrate easily. In this situation we can choose to change the variable. This method is called 
the substitution method of integration. The following theorem states the formula we use in 
the substitution method. 


Let F(u) and u(x) be two functions which are differentiable with respect to u and x 
respectively. Then 


JF(uey)-w@y dv = Fury) +. 


We know from the Chain Rule that when F’(x) = f(x) then Fe F'(u(x))-u'(x). 


Integrating both sides of this equation with respect to x gives us: 


[Ee ape J Fuen)-w'@) dx. 
ax 


This implies F(u(x)) + c = fr (u(x))- u(x) dx, which completes the proof. 


In practical terms, we can summarize the substitution method of integration as follows: 


SUBSTITUTION METHOD 


1. Decide which term to substitute (i.e. select u = g(x)). 

. Differentiate both sides of u = g(x) to get Bg. 

. Rewrite the result as du = g’(x) dx. 

. Make these substitutions in the original integral to get a simpler expression. 

. Integrate the simpler expression, then substitute back the original terms using u = g(x). 


sw 


oi 


Integrals 


38 [or a? 


Solution 1 By using basic integration formula |a we can get the answer: 


“2 


Job? dv= foe -2x +1) dv= Zoe tate 
Solution 2 We can use the substitution method: 
3 
Let u = x-1, then du = dx, Then fo-» dx = fu du= ote. 
Now subsnitute back u = x - 1: 


3 
GN tas 
3 ; 3 


alae 3 
See ES Bs eg ae, 
ag atts 


1 
We now have al c, Instead of c, but we can say the answers are the same. Can you see why? 


Note 

Any substitution will not work correctly in this method. An ideal substitution is the one that 
1. removes all old variables, 

2. makes the integral expression simpler. 


39 fa-v' a=? 


Solution Letw = 1 -x, then du = -dx. Substitute this in the question: 


ee ae. (ern ante gen oe, oe 
fa xy ax=fu (-du) = fu du= Tore To +c 


BO sx covrer=7 


Solution Letu = x°, then du = 3x° dx. Substituting these gives: 


J3x° cos x* dx = fcosu du =smutc=sinx’+c. 
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KEQUIEN 41 fo +57 xax=2 


Solution Letu = x° + 5, then du = 2x dx, ie. Aa =xdx. 
Substituting these gives: 


2 
Jo +5)’ -xdx= A fwan LR Cc a 
2 28 


GQ fox +nex’ +3" axv=? 


Solution Letu = 2x* + 3x, then du = (6x° + 3) dx, Le. S = 


fax? +x + 3x)’ dx= 


EO 43 [a= 
x 


Solution Letu =Inx, then du= 1 ax. So 
x 


[RE av = fu du=¢e= Abe 


44 [ro rea=? 


JPO-F@ dx = fu du Ste a te 


(2x* + 1) dx. So 


24 


Solution Let uw = f(x), then du = f’(x) dx. So 


Integrals 


Pexanrce | era 


Solution Letu = 1-3x, then du =-3 dx, ie. ax =, 
du. 
So | VI—3x dx =[¥u-(-S) 
J Le f(x)f’(x)dx 
4 
= fut fae Fe 
s 3 
2 
=-2.a-3n% +e 
9 
AG fn? xensara? 
Solution Letu = sinx, then du = cosx dx. So 
u‘ sin‘ x 
fsin? x-cosx ax =fu? du = ate +¢. 


AT eos xac=2 


Solution Letu = sinx, then du = cosx dx. So 


Joos? xdx= Joos* X-cosx dx 
Fundamental 


Trigonome tric Identity: 


= Jasin’ x)cosx dx . ss 
sin’x + cos*x = 1 


=Ja-w) du 
3 
=u-—+e 
sin? x 
=sinx- © 
3 


Indefinite Integrals 


dx=? 


IEE 48 


Solution Letu = e anddu = e dx. So 


du 
av= fe 
‘l—ue 
= aresmu +c, =aresine* + ¢, 
or 


=—arecosu+ c, = —arecos e* + ¢,. 


GQ [ox 8m a=? 


Solution Letu = 3x° + 4x°-1, then du = (9x° + 8x) dx. 


fares (ox? +82) d= [3" du 


In3 


+c 


Beteastd 
=T +e 
In3 


EM 50 jp a=? 


Solution Let a = 3x, then du = 3 dx, i.e. dx= =. Substituting gives: 


J 1 1 du 


af | ee 
= =aresmu +c, =—arcsin3x+c, 
3 3 
or 


A ue 
i getccosi +¢,= = areconea c 


be hoa 


Pexanrce | erro 


1+ 4x" 


Solution Let wu = 2x, then du = 2 dx,ie. dx= S. So 


= ae 


1 
Perr T+u" 2 


1 1 
= sarctanut c, = —arctan2x+ c, 
2 2 


or 


1 1 
= yarecot w+ C= ~ zatecot lat Cx: 


EXAMPLE [LY J fm ax = ? 
x 
Solution Letu =Inx, then du= = dx. So 
x 


je. dx = fomu du 


=-cosut+c 


=-—cos(Inx) +c. 


BB feta @-y' a=? 


Solution In this problem, we cannot immediately get the answer using one substitution. Let us find a 
substitution for each term instead. 
Let u = x-1 so du = dx. 


Now we can write x = u+1, sox+2 = u + 3. Now we can substitute: 
Jot 2y@-1! av = f(w+3)-u‘ du 


= fw +3u*) du 


6 5 
= ay talltT 
6 
—~@-0f ri 3(—D? 
6 5 


Indefinite Integrals 2. 


B4 iaae 


Solution Letu = 5x+2, then du = 5 dx,ie.dx= uss 
5 
7 
= du 
lezen fe ° 
= ofa du 
e) 
=pS te 
7 
= yte 
40u 
t 
=-—___ +a 
40(S5x+2)* 
Check Yourself 6 
Evaluate the integrals. 
+ 35 2 " 7 ye 5 . 
a. fsmd—x ax b. fa-xy swdx oc Jx-sinx -ldx d lie dx 
sinx : 
e. fe sinx dx £ |——__ ax ¢ h. (574 (x ‘ 
J = g& fomc7x+1) dx fs (x42) dx 
L —_ ax i (= ax k. Jfuw 1 Jsmx cos? x dx 
14+2x* 4x? 1+x* 
Answers 
2436 Sy 
a. cos(x-1) +c a eed +¢ pe osx are, d BELCHSN 
18 10 3 
1 hada 2 
e.-ecosx +c f -arctan(cosx) + ¢ ¢. -—cos(7x+1)+e h. +c 
va 2in5 
il WParctan(xy2) , j see te x — 1 = 
2 


i 
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B. INTEGRATION BY PARTS 


Proof 


Pexaurce EJ 


Solution 


Integration by parts is the second main method of integration. Many of the other methods of 
integration use integration by parts, so it is an important method to master. 

Integration by parts is a method for evaluating mtegrals of the form Jf@ - g(x) dx which are 
difficult to evaluate using other techniques. The method uses the following theorem: 


Let u = f(x) and v = g(x) be two differentiable functions with respect to x, then 
fuv'dx=u v —Ju-u’ ax. 


We know from differentiation that d(u-v) = v-du + u-dv. 
If we take the integral of both sides we get Jaw ‘v= fe du + fu dv, which gives 
uve fodut Jude. 


Rearranging gives fu dv =u-v— fe du, which is the required result. 


SUBSTITUTION METHOD 


Note 
In this part we use u’ and v’ instead of du and dv to make expressions shorter. 


fxeet ax =? 


Letu = x andv =e’, thenw’ = landv =e’. 
So fre dx =x-e* -fe* dx =x -e* —e* +c. 
Here note that although v’ = e* we did not write v = e* + c, but just v = e*. This is because 


of the fact that after evaluating the final integral there will be a constant which is the sum of 
all constants. 


Indefinite Integrals 


Pexanrue EY] 


Solution 


En 57 


Solution 


Note 

In this method there is no rule for the selection of u and v’ but generally we choose u to be 
the function whose degree reduces when we take its derivative. Typically, we often choose 
logarithmic and inverse trigonometric functions for u, and functions such as e*, sinx, cosx 
etc. for v’, although these are only guidelines. 


fro nx dx =? 


Let u = Inx and v’ = x°, then a’=2 and v= 
x 


* 3 
+¢ ae Gna Dae 
3 3 


So fx? ama dx =inx © a3 ae =inx 
3 3.x 


Inx 
gra 
i , 1 
Let wu = nx and v’ = —, then uw’ = —andv = ~~ 
x 3x 
Inx it ee 
So [= dx = Inx Josey” 
Inx 1 
=-So+lfxt dx , 
2 = os 
a3 Juy’=uv-Jvu 
Inx 1 1 
=-~5+-C te 
3x° 3° Pre 
__Inx_ 1 
ax Ox 


KEEUDE 58 fx-cossav=7 


Solution 


Let u = x and v’ = cosx, then w’=1 and v = sinx. 


So J¥-cosx dx =x-smx —fsimx dx=x-sinx+cosx+c. 


Integrals 


BQ frcans as 


Solution Let u = arctanx and v’ = 1, then a’ = ~andv=x. 
l+x 
x 
So farctan x dx = x-arctan x ln = dx. We can now use integration by substitution: 
+x° 


Let w = 1+ x°, then dw = 2x dx and x-dx = = This gives 
1 
farctanx dx = x-arctan x -J- dw 
aw 
1 
=w-arctanx = In| wlite 


= ¥-arotanx —Find+ x)tec 
SZ GO fx-sinax av=? 


Solution Letu = x and v’ = sin4x, thenw’ = land v= ~ Geos. 


Jx-sinax d= _¥:cos4x Es( somes te 
4 4 
aa +1feos4x ax 
4 4 
— _ x:cos4x Fs sin4x We 
4 16 


EE 61 fxeBav=2 


2 
Solution Letu =x and v’ = Jx—2, then aw’ = land v= zoe This gives 


Jxve=2 dx = Fea -ayhu — f(a ays dx 


Indefinite Integrals 


Note 

When we integrate a function, we may get two different answers if we use two different 
methods. However, if our working is correct for each method then we say that both of the 
solutions are correct. This is because the integral is the antiderivative, and there may be two 
or more functions with the same derivative. 


SLU GQ fe -sme ax=? 
Solution Letu =e‘ andv’ = e* sin e’, then w’ = e*. To find v we need to integrate e* sin e*: 
Let t = e*, then dt = e* dx andso v= fe sine* dx = fome dt = —cost = —cose*. 
fem -sine* dx = -e* cos e* -f-e cose* dx = -e* cose* + Je* cose dx (1) 
We now need to integrate e* cos e*. Let us use k = e* and dk = e* dx. 


By substitution, fe cose* dx = Joos dk=smk+c=sine*+c. (2) 


Combining (1) and (2) gives fe -sine* dx =-e* cose* +sine* +c. 


GB fsmany a=? 


Solution Letu = sin@nx) and v’ = 1, then u'= and v 


cos(n x) dx 
# 


This gives fsananx) dx= x-sindn x) fx S02 dx =x -sin(In x) -[ cosdn x) dx. (1) 


Now let us evaluate Joosan x) dx separately: 


Choosing u, = cos (nx) and dv, = 1 gives du, = enna and v, = x, so 
x 
Joosan.xy dx= x-cos(Inx)— fx ¢-sintna), dx 
x 


= x-cos(In x) + fomdn x)dx. (2) 
Substituting (2) in (1) gives 


fsimanx) dx =x-sin(In x) — (x-cos(n x) + J sin(in x) dx) 
= x-sin(in x) —- xcos(In x) — J sin(In x) dx 
2- Jsmana) dx =x -sin(in x) — x -cos(n x), 


x(sin(in x) —cos(n x)) ee 


Jsmanx) dx= 3 


8 Integrals 


CE 64 fe snxae=7 


Solution Let uw = e& andvw’ = sinx, then w’ = e* and v = —cosx. This gives 
fe sinx dx =-e* cosx +fer cosx dx. 
For the second part, we will use integration by parts once more. 
Let u, = e* and v,’ = cosx, then u,’ = e* and v, = sinx. So 
fe cosx dx = e* sin x— fee sinx dx and 
fe sinx dx = -e* cosx + feé cosx dx 
= -e* cosx + e* smx-fe*sinx ax 


afer sinx dx = -e* cosx+e*sinx 


fe sinx dx = S(omx—cosx) +e 


Check Yourself 7 
Evaluate the integrals. 


a. finx dx b. fx? -sinx dx c fxcinx dv d fated dx 

e farcsinx ax £ flogix +3) dx £ Jox+)sim3x ax hh fe*-smx dx 

1 fer -costx—1) dx } fa-Denx dx ik fovea dx 1, J3x-sin.x-cos x dx 
Answers 

a xmxv-xte b. Q-x°) cosx + 2x sinx +¢ 

‘ Hit Fre i“ PON AD 46 


£ (x + 3)-log(x +3) — mote 


2sin3x_(2x+])cos3x , 3sinx _ cosx 


7 ke tc 
: 9 3 ( 10 10 ) 
exs 2 v1) = es 
Lem sant Date ec ij ~x)inx—2& AD 
k | 3smxcosx | 3xsin*x 3x 
ae -+e 


4 2 4 
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C. INTEGRATING PARTIAL FRACTIONS 


We use different methods to evaluate integrals of the form Seay 
are polynomials and Q(x) # 0. 


ae vee, where P(x) and Q(x) 


The method we choose depends on the partial fraction mvolved. Let us look at the main 


possibilities. 
P(x) |. _ 7 
eeee-e 1. lees with deg[P(x)] = deg[Q(x)] - 1 


to denote its degree we | For integrals of this type we use the substitution u = Q(x) and try to find du in terms of P(x) dx. 
use deg[P(x)], After this, we try to find the answer. 


65 [4% 
du 


Solution Letu = 5x+1, then du = 5 dx, ie. dx=—. 
5 


3 3 3 3 
So Joc Sey maple eo ane S 


2x-3 
x. => a=? 
EXAMPLE [&-Y.4 leeraaaer 
Solution Letu = x°- 3x — 1, then du = (2x — 3) dx. 


50 [a= iF du =In|ul+c=m]|x° -3x-1] +e. 
x°-3x 


67 Set? 


Solution J L 


= x = f —, 
x +2x+1 (x+]) 


Letu = x + 1, then du = dx. 


—r sau =fu* PP eee a eee 
Gea} u u xt 


te hia 


Check Yourself 8 


Evaluate the mtegrals. 


3 
c. [—_a 
leans a 


Answers 
4In|7x-6| 2 ; 1 
a Sie b.Injx’ + 3x-1|+c¢ = + 
we @+Ip 
d.- 2 +c ec. nlx? 
xt+4 
POO 


2 


aye) with deg[P(x)] < deg[Q(x)] 


reducible in R if itis and Q(x) reducible in R 


possible to factorize it. 


A polynomial Q(x) is 


In this case, if Q(x) is linear (degree 1) 
then we can evaluate the integral easily 
using the formula frac =Inju|+e. 
However, if deg|Q(x)| > 1 we begin by 
trying to write given expression as the 
sum or difference of two or more partial 
fractions. The rules for doing this are 
given below. 


1 P(x) a oe B 
(axt+b)-(cx+d) axt+b cxt+d 
2 P(x) A B Cc D 
aa E at a = 
(ax+b)" axt+b (axt+b) (ax+b) (ax +b) 


3. P(x) , # Bx+C 
(ax+b)-(cx° +dx+e) ax+b cx* +dx+e 


Notice that the number of partial fractions in each expansion is the same as the number of 
factors in the denominator of the original fraction. 
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Sx+7 
68 lee 


Solution We begin by writing the integrand as the sum of partial fractions: 


Bxt+7 A B _3Ax+A+Bx-2B_(3A+B)x +(A 2B) 
(x-2)(x4+1) x-2 3x41 (x-2)3xt1)~— (x -2)(3xt1) 


Solving for A and B gives 


3A+B=5 
A-2B =7,s0 
Az ana p=-18, ana Sxt7 47 6 phisis the sum. 
v T (x-2)(3x4+1) 7-(x-2) 7-(3x+1) 


5x+7 a=f 17 ax-[ 16, 
(x-2)Gx4+]) 7-(x-2) 7 (3x41) 


Now integrate both sides: if 


= AT sajna 2 jae ee 
w 21 


Note 
We can also find A and B using the following method: 


Ox+7 A B 
+ 


@—2DBx+l) x-2" 3x4 


Sx+7 _ A+ &22):B 
3x+1 3x41 


multiply both sides by (x - 2) 


5-247 0-B 
=A+t+ 
3-241 3x41 


replace x =2 (tomake x-2 =0) 


which gives A = a 


We can use the same method to fmd B=->, and then complete the integration as in 


Example 68. 


Integrals 


lint+4 
ENE 69 [tt w=? 


Solution First we factorize the denominator: 


ox? + x-3 = @-1)- Qx +3). 


llx+4 A B 2Axv+3A+Bx-B_ (2A+B)x+(3A —B) 
So —~ = + = = = , Which gives 
2x+x=3 x2-1 2x43 (x-1)(2x+3) 2x +x-3 
2A+B=11 
3A-B=4. 
The solution of this system gives A = 3 and B = 5, so we have PTL 
2x" +x-3 
Now integrate both sides: Is 1ix+4 ax= [2 + f— dx 
Qx*+2x-3 x a 2x+3 


=3:In|x=1]+>in]2x43 |+ © 


70 [je 


Solution Factorize the denominator: x°- 1 = (v-1)- @° +x +1). 


This gives 
xt1 xtl _A Bx+C _ Ax°+Ax+A+Bx*-—Bx+Cx-C 
x -1 @-D@ txt) x-1 +xtl ~~ va 
_ (A+B)x® +(A-B+C)x +(A-C) 
= xe-1 
A+B= 
A-B+C= 
A-C= 


2 a 
Solving this system gives us A= —, B=-—, C= 7 so we have 


3 


ips 


xtl_0 2 1 xt 
x°-1 3-1) 3 x*+x41 


Now integrate both sides: [S55] 2 dx ie zion 
eS 


Ix — 
3(x-]) 3 x tal 
2x41 
= Folate et fz —=—— a (1 
Pasa ig. 3 fe 
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We can evaluate the remaining integral using the substitutions 
u=x°+x+landdu= (2x +1) dx: 
1 oxtl _ lpdu_ 


}} 
ee (SS ame 
3 SP eebl BY & 3 Iul+e 


=-Foln[x* F414 (2) 


Combining (1) and (2) gives pa dx = In| le we 


Pexannce WB ore 


Se-1 _ A_,  B__ 2Ax+3A+B 


Solution =— = S 
Qx+3)" 2x+3. (2x43)° (2x+3)” 


2A=5 
3A+B=-1 | 7 
5 
Solving this system gives A = 5) and B=— oe so 


J me ax = | a ax—f ult = ax 
(2x+3) 2-(2x+3) 2(2x+3)” 


Use the substitutions u = 2x + 3. and du = 2dx in the second part: 


17 


J bel a. 
4Qx +3) 


8ST ay = 2mpax+3 [4 6 — fh tau = 2am jax +3] + 
Q@x+3y "4 2/2 a 


cs — 
72 laneea 


Solution In this problem, the denominator Q(x) is not immediately reducible in R. First we need to 
change the given expression to a rational function, then by using partial fractions we will 
be able to evaluate the integral. 

Let u = e* so du = e* dx to give a rational function: 
J - ia - dx =f A du. 
(e* +2)(e* -3) (u+2)(u—3) 


Now use partial fractions: 


it = A B (A BRIA 2B iia gives 
(u+2)(u—3) ut2 w-3 (ua +2)(u—3) 
A+B=0 
3A + 2B= 1. 


: f ? Integrals 


Solving this system gives us A=— 


J du =f- ae! au+{- 1 gy = njut2[+iin[a—ai+e 
(u+2)(u-3) S(u+2) S(u —3) 5 5 

So we get the result: 

‘a e-3 
es 


we =— liner +2|4+ Lin] et -3]4 c= Lin] 
5 5 5 


— a Ite 
(e* +2)(e* —3) 


3. ja with deg[P(x)] < deg[Q(x)] 


and Q(x) not reducible in R 


The expression IF dx is given. If A= b° — 4ac < 0 then we can use the following 


x" + bx +e 
method to evaluate the integral: 


1 ax 1 dx 
J = ax =f ss = J z 
ax” +bx +e (mxtn) tro (= ja 
fi 


1 7 mxtn 1 mx +n 

=: —-arctan( J+ e= arctan( Itc 
a” c rm 1 

or = re cot ety Cy. 
rm rT 
1 
EXAMPLE [it Soames las ® 
x + 4x 


J dx dx J ax 


Solution = =f - = = 
x +4x4+5 x +4x+4+41 (x4+2)° 41 


= arctan(x+2)+c 


or = -arecot(x + 2) +¢ 


4. [ aes with deg[P(x)] => deg[Q(x)] 


In this situation, we first divide the numerator by the denominator, then calculate the 
integrals separately. 


Indefinite Integrals 5:3) 


74 jo st8 wear 


x +3x 


Solution We have deg |P(x)| = deg |Q(x)|, so we divide the numerator by the denominator: 


4x° 414x433 _ Qn+3 
x +3x x +3x° 
TteapateT both sides pee = faare 223 ae art et [BA a a 
x +3x +3x 


We can evaluate the remaining integral using the substitutions 
u = x° + 3x and du = (2x + 3) dx: 
joe 2x+3 


= = “=mult cy. 
x’ 43x ie lal 


So jee +14x+3 


dx = 4x +c, +In|ul +c. = 4x + In|x* + 3x| +c. 
Xx +3x ° 


75 (22% ar 


Solution We have deg |P(x)| > deg |Q(x)|, so we divide the numerator by the denominator: 
x +3x_ 2x 


= x " 
x +1 x +1 


ESR es 2D 
Integrate both sides: J = are dx =fx dx tha dx 


S tin’ +) +6 


+c,+In|ul+c,= 


76 [2 a= 


Solution 1 We have deg |P(x)| = deg |Q(x)|, so we divide the numerator by the denominator: 
3x-1 ig 


x+2 x+2° 
Integrate both sides: pS 


sax = [3-5 dx =3x-7In|x4+2|+c. 


Integrals 


Solution 2 We can use normal substitution twice. 
Let u = x + 2 and du = dx. 
This gives x = u —2,1.e.3x-—1 = 3(u —-2) -1 = 3u—7. So 


— ax= [24-7 du =fe-4 du=3u-7in|u| + c= 3(x+2)-7In| x+2| +c 
x42 u u 


=3x-7-m|x+2[+c 


Check Yourself 9 


Evaluate the integrals. 


a j——« ——— : ik ——— ie 
(x-1)(x+2) (x +1)(x+ 2) (x+])(x-2)° 
e i dx £ (eee oa 
x 
hf be dx 
x +3x 


yy pRz2y 1 


9 x+1° 3(x-2) 
uf 


b. Sin|[x +2]-3m|x+1] +e c +e 


d, Qarctanx +x +c e.In|[x-1|+2-m|[x+1][ +c f Faretan(*F4) + 
15, x-4 1 4 3 ee 
—In | ——| +x h. In| x]-=In|x+3|+c si 559 |) Soe 
nag HO 3 Ix] 3 | | zine | yte 


D. INTEGRATING RADICAL FUNCTIONS 


The integration of functions of the form J f(x) dx, JxF@) dx, fae" +u° requires the use 


of special methods. Let us look at these methods. 


1. Integrating Simple Radical Functions 

There are many different types of radical function, and we can use different methods to 
integrate them. In this section we will concentrate on radical functions that can be integrated 
easily using the methods we have studied. We call these functions simple radical functions. 
When integrating a simple radical function, we first try to eliminate the radical sign. For this. 
reason we use substitutions such as u°, u°, etc. depending on the degree of the root. 


Indefinite Integrals 


77 [err a=? 


Solution To eliminate the root we can substitute u” = 3x + 1 (x > ->. so 2u du = 3 dx and dx = Ea 


2 
Then fxBxt7 ax= Jve- ae = pes 2 fue du= pS te= roth ic) 


78 [xT 0-7 


Solution To eliminate the third degree root we choose u* = 5x — 2, then 


3u° du = 5 dx, i.e. dx = = du. 
4 
3u* 3u? 3 ut 3(Sx - 2)? 
So [¥Sx-2 dx= [Yu - du = du = =-—+ce= +o. 
J J 5 J 5 564 20 


EE 79 -ae-? 
‘i x 


Solution Letu® =x°+ 5 and 2u-du = 2x-dx, ie. xdx = udu. 


Then J 2 a= [2 [ana ut en rote 


vx +5 


EN 80 [ft w-? 


je —1 


Solution Letu® =x —1, (x > 1) so 2u du = dx. 
Ax-2u 
u 


We can do this by writing x in terms of uw, i.e. x = u° + 1 (from the substitution u* = x - 1). 


Substituting gives if 


du, so we need to eliminate x. 


4x 


FO) 9. wau= J8(u? +1) du 


vu 


Now, | dx=f 
@ z 
3 


e Fa 
=e Grainne +(x-l)* jt 


8 Integrals 


Check Yourself 10 


Evaluate the mtegrals. 


. Sx 
a. [Jl+4x dx b. [§4x—3 dx «, |i 
j J laa 
a. f Re. ae ef 3X ax f je ae 
vx -2 Ax-1 vx+1 
Answers 
qin sats aaue ake =: 
a 4xty"" b. 5(4%-3)"" 46 c. 5yRx Bb oe 
6 24 2 
d, 2yx*=2 © x+2)Vx-1te f. WetIt+xte 
3 


2. Integrals of the Form five +u’ dx or [ver ta’ dx 


We can evaluate integrals of this kind by using trigonometric substitution. 
We begin by drawing a right triangle and labeling the sides a, u, and Ya’ +u° or Vu? £a°, 
then we integrate the resulting trigonometric expression. 


ES 81 cr e-? 


Solution Look at the figure. 
Let sino = x, then 
cosa, da = dx, 


Trigonometric Ratios 


o = arcsinx. 
in Right Triangle: 
Then jv —x* dx= fui —sin* acos o. da. 
= Joos* a da= [eeeee ae 
2 


= + faa+t 2 fcos2« da= 2+ 11 ngate 
2. 2 2 22 


a 1 F aresmx 1 
= —+—-2-sma-cosa+c= +—-xX 
2 4 2 2 


Indefinite Integrals 


EXAMPLE —f:}’J (= 1 a=? 
x 
Solution Look at the figure. Let 2x = seco. then 2 dx = tana-seca do and o = arcsec 2x, so 


fz ll be = (oe a1 tanaseca oa 


seca 2 
a 
= franc.-tan o d= fran’ da 


= Joan’ a+ 1-1) da 


= focan? a+1) da. fac. 


=tana-at c= Vax —1-aresec2x+¢ 


Peau. FF rr 
+ 4x" 


Solution Let a 


x= tan a, 
Ix = Sido: Then 
2cos” 
=f 3da. 
2-cos” @-—- tan” a- b+a.2- ana 
Ps 3da 
—cos* o- tan? o-3 an® a 


I 


J 


9cos" a- 


cos’ @ cosa 


Now use the substitutions u = sino. and du = cosa da: 


cosa 2pdu 2 2 
al da = —{ == -——t+ce=-—_ c 
sin’ a ow ou 9sm a 
2.94 4x" +4x 
= -—— +e=- +. 
9-2x 9x 


40 Integrals 


Check Yourself 11 


Evaluate the mtegrals. 


a. Jvo—e ax bf 1 ax c pce de 


Answers 


a Saresin( 2) + EAE a c b. aresin() +e 


E. INTEGRATING TRIGONOMETRIC FUNCTIONS 


Pexaunue FY | 


Solution 


Indefinite Integrals 


Let us now turn our attention to methods for evaluating the integral of complex trigonometric 
expressions. In this section, we will use the following basic identities: 


fame dx =—cosx+c 
Joosx dx =smnxte 


7 1 
ane dx = —In|cos x] + c=In| ——|+ c. 
c cosx 


feanx dx = lee 


1. Integrals of the Form Jsin"x-cos"x dx (m,n &N) 


Case 1: m and n are both odd numbers 


Let m = 2k + 1 and n = 2t + 1, then we can wnite the integral as fsm™* x- cos x-cosx dx, 
Using the substitutions x = sinx, du = cosx dx and cos™ x = (1 — sin*x)' we can evaluate 
the integral. 

Alternatively we can write feos" x-sin™ x-sinx dx and use the substitutions 


u = cosx, du = -sinx dx and sm™x =(1 —cos*x)*. 


Evaluate Joos’ x-sin® x dx. 


Joos’ x-sin® x dx = feos’ x-sin* x-sin x dx= [eos’x- (1 —cos*x) sin x dx 


Use the substitutions u = cosx and du = —sinx dx, then 


: 
Joos’ x-sin? x dx= -fu"d-u') du =fae —u") du= ate 


Case 2: one of morn is odd 


In this situation we reduce the odd power by one by writing, for example, 

sin’x = sin’ x - sx, or cos’ x = cos’ x - cos x. 
Then we can use the substitution u = sinx or u = cosx to evaluate the integral as described 
in Case 1. 


85 Evaluate fom® x-cos' x dx. 


Solution Jsin'x- cos? dx = Jsin’x-cos?x- cosx dx = fsin’x -(1 = sin’x)- cosx dx 


Use the substitutions u = sinx and du = cosx dx: 


fom? x-cos? x dx= fu’ -(-u*) du= fw’ —u*) du= — 


Case 3: m and n are both even numbers 


In this situation, we use the following identities to evaluate the integral. 


2 1+cos2x 
Leer 


86 Evaluate fom* x- cos? x dx. 


1-cos2x 1+cos2x 


Solution Jsin’ x-cos* x dx =f dx= 7a —cos*2x) dx 


2 2 
= 1 fsin® ax dx=1 feseeeme dx = 1 fax-1feosax dx 
4 4 2 8 8 
ae x sin4x 
= —-—-—-sm4x+ce=—- 
8 8 4 8 32 


2 Integrals 


2. Integrals of the Form Jsin mx -cos nx dx, 


Jsin mx -sinnx dx or Joos mx-cos nx dx 


To evaluate these types of integral we use the following inverse conversion identities: 


sina-sinb = —Fleos(a+ b) —cos(a—b)] 
sina-cosb= jlamcat + sina —b)] 


cosa -cos b= jleosca+ b) + cos(a —b) ], 


87 fsm3x-cos9x dx=? 


Solution Jsm3x-cos9x dx = [fain 12+ sinc 6x) ] dx= 5 fms -sin6 x) dx 


ack, 4 cosi2x+ = 1 cos6x+ c= sees, SOS ee c 
2 12 26 24 12 
EXAMPLE 88 Jeos6x-cos2x dx=? 
Solution Joos6x-cos2x dx= J e088 x-+c0s4] dx= 5 [(cos8 x++ e054 dx 
a1) ange t).2 sinaxt e= S08% ps 
28 24 16 8 
Check Yourself 12 
Evaluate the integrals. 
a Jom’ x-cosx dx b. fsin x- cos? x dx ©. Fsin* w cos‘ x dx 
d Jcos2x-cos.x dx e. Joos4x.sin5x dx £ fsm3x-sindx dx 
Answers 
‘ sintx | b sin?x _2sin’x , sin'x | | ¢, 3x__ sin4x | sin8x 
5 9 9 128 = =128 1024 
ey sin3x , sinx , | e, _cos9x  cosx £ sin2x_sin8x | | 
6 2 18 2 4 16 
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EI 89 


Solution 


3. Substituting t = tan> 


This approach is possible for integrands containing only the first power of sinx and/or cosx. 


Look at the steps for deriving the identities provided by t= tan 5 


From the figure, sn>= 


cos—= ———. 
+e 2 Vier 
Simplifying these expressions gives us 


1 
Me Tee 


cosx = cos* ~~ sin? *= 
2 2. Let 


So we have the following result: 


THE u=tan(x/2) SUBSTITUTION 


sinx= — cosx= phates ax > 
stim Ter let 


J sinx ee? 


1+ cosx 


Substitute the identities from t= tan es) Y 


2 dt 4t dt 
J sinx ite _ apes yaeey _ 2t dt 
1+ cos x gan et 
lee let 


Now we can use the substitutions u = 1 + t and du = 2t dt: 


2tdt _-du _ 
et 


In[u|+c=M0+f)+ c= Ind +tan* + c 


Integrals 


EI 90 j__ 


sine ti" 


Solution Substitute the identities from t= tan): 


2dt 2adt 
J av= [4 et a ca =f 2dt 
snxt+1 e+2t+1 “(+)* 
Tee +t 
Substituting u = 1 + tand du = dt gives 
(28s [PES = 4e=-2 4e=-—* +0. 
a+ u l+t faa 
2 
dx 
EXAMPLE ——<——— 
91 lrersmer: 
Solution Substitute the identities from t= tan(: 
2dt 
i dx =f lt =f Qdt { Qat =| dt a] dt 
1+ sinx-cosx 26 I= 140° 4+ 2t-14+0° 20? + Ot e+t %tt+l 
+f 14+¢ 


Now we can use method of partial fractions: 
1 _A, B _AttA+Bt_(A+BY+A 


ut+t) t ttl = ta+h (t+) 
That gives A = land B= -1. 
0 f= tin t]-+c,-In| t+1|+ c)=In]tan 2} Anjan =+1]+4 ¢ 
ut+1) t+1 2 2 
x 
tan— 
=n 2 +c. 
tan—+1 
2 


Check Yourself 13 
Evaluate the integrals. 


a5 " = dx 
ae smX 4, bf cosx Z ie osx Gy. af 
1+ cosx Lang 1+cosx 1-sinx 
Answers 
a tan >In] > +c binGmxtl)te c¢.2tan*-xte tt 6 
2 1+cosx 2 a tate 
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Gottfried Leibniz (1646-1716) 
Gottfried Leibniz (pronounced ‘'libe-nits') was born in Leipzig (now in Germany) in 
1646. His father was a professor of philosophy in 
Leipzig. Unfortunately, Leibniz’s father died when 
Leibniz was six years old, so he was brought up by 
his mother. 


At school, Gottfried learned Latin and Greek, and 
also studied philosophy, metaphysics and theology. 
When he was fourteen, he went to Leipzig University 
and studied philosophy and mathematics for two 
years before beginning to study lau~ 


In 1672 Leibniz went to Paris and studied 
mathematics and physics. During this time he made 
some discoveries concerning the swum of a series. 
Leibniz visited London a year later, and became a member of the Royal Society. 


When Leibniz returned to Paris he began studying calculus. At that time he was still 
trying to develop the calculus notation, so his papers and calculations were sometimes 
difficult to read. However, in 1675, Leibniz wrote a paper that used the Jfeo dx 
notation for the first time. In the same paper he described the product rule for 
differentiation, and the power rule. 


At around this time, Isaac Newton sent a letter to Leibniz which explained some of 
Newton's results, although he did not describe his methods. Leibniz replied by 
describing his own results. Unfortunately, Letbniz’s letter did not reach Newton for a 
long time, and Newton decided that Leibniz had stolen his methods. This resulted in 
many arguments between the tuo scientists. However, today we can say that Leibnitz 
and Newton discovered the same rules of calculus independently. 

Leibniz's other important achievements in mathematics include the development of a 
binary system of arithmetic, and his work on determinants. In 1684 he wrote a paper 
on calculus whose working showed the efficiency of his integral notation. Leibniz also 
published papers on dynamics and philosophy. 


Leibniz died on 14 November 1716 in Hannover, Germany. His findings continued to 
influence the work of many of the mathematicians, philosophers and physicists who 
followed him. Today we can see that his calculus notation and methods are just as 
important as Newton's methods, and for this reason, Leibniz is remembered as one of 
the two founding fathers of differential and integral calculus. 


iy 


EXERCISES 1 


A. Integration by Substitution 


l, Evaluate the integrals using the substitution 


method. 
bl cost 

a. |——dx b. J ax 
x-3 x 

c. (*_ax d. 5 ax 
a es Eres 

e. |sin(4x +1) dx 

f. [G+x° 42°) (Qx4+3x°) dx 

g. (—-x°)’-x dx h. Jx-coscx* -5) dx 

Ve a dx j fe -cosx dx 
vi-16x" 

+ L fx- 1+x° dx 
1+sin* x 

m. [(x* +x°)-(2x° +x) dx 


B. Integration by Parts 
3. Evaluate the integrals using the method of 


Integration by parts. 
a. fer “x dx 


C Jere dx 


° 


a 
fae 


g. fin@+s) dx 


fare cot x dx 


Ook. fsm® x-e* dx 


b. fx? se dx 
a. fx-smx dx 
f. farccos.x dx 
h. fog.x dx 


). feosan x) dx 


Cc. Integrating Partial Fractions 


4, Evaluate the integrals by using partial fractions. 


a J a b. j—~ dx 
2, Evaluate the integrals using the substitution x41 (3x +1) 
method. 7 
: Bia ox 
=. f° ane HR. 5. ie iat 
5 2 x x +x-1 
a. |[x-cosx° dx b. Jx-sin@x* +7) dx 
. 45x 
— e (ue f. oe tests dx 
ce. fax d. feotx dx 3x° —4x41 el 
x 
1 1 
* _ p-* q a: h. d. 
e. f fe -* . eoerree) 5 @th 
eke 
3x41 
sinx L ee 
g h. Jz dx J 7 : 
fz ere (x41) (44+ 2) 
a1. i. = dx 1 pg 
ged k x +8x4+15 
Indefinite Integrals 47 


sg ea +3x— Ls 1-x 
Ix n. if = 
(x-)* (+x) 
°° ¢ 2: +2 4, 
6 J 1x aries dé op. fr x 
(x-)(Qx° +x4+2) x-1 
3x‘ — 167 +19x" -5x- 44 
id J x -4x° +1 
or. J Barbe ie os. J dx 
(x+1)( +2) 1-4x+x 
xdx 
ot. (—— 
least 


D. Integrating Radical Functions 


§, Evaluate the mtegral of each radical function. 


a. J v6x=T ax b Jviqx ax 
c. Jovi +x° dx d [er ax 


e are f. Drei 
g. [Me ax : 
iL [ot 283 ae 


Ix— 2 


x 
h. leer dx 


6, Evaluate the integral of each radical function. 


a [vIn aN* ax | 
st 


c.f z dx 


x 
d. | ———— dx 
Vite Ferg 
féx*-9 Toa, 
on, [2 we £. J ViG-9x* ax 


oh. J Ve 9 ax 


E. Integrating Trigonometric 
Functions 


7. Evaluate the integral of each trigonometric 


function. 

a fsin® x-cosx dx b. | smx-cosx dx 

c. feos?x-sm>xdx — d. fcos* x-sinx dv 
e fom? x-cosxdx — f. [sin‘x-cos’ x dx 
g. Joos* x-sm?xdx —— h. [cos4x-cos3x dx 


fom? x-cos’x dx j._ [sin3x-cos4wx dx 
k fom7x-sim5x dx 1. |sin3x-cos8x dx 


m Joos2x-sm4x dx n. |cos5x-sinx dx 


0. Joosx-cos4x dx gp. [sin’ x-cos® x dx 


8, Evaluate the integral of soon function by using 
the substitution t = tan = 


‘ lice ™ 


Integrals 


CHAPTER SUMMARY 


* If F(x) isa fumction such that F(x) = f(x) then F(x) is 
called the primitive of the function f(x) and the expression 
F(x) + cis called the indefinite integral of fix) 


* In every indefinite integral we must use the constant of 
integration 


© Properties of the Indefimee Integral 
1 df fix) de = f(x) dx 
da d 
2 Fy) flay ae = [EF dx =F) 
JaFx)=Fix)+e 
4 Ja-f(x)dx=a-[f(x)dx fora ER 


Jl to(x)] ax = f f(x) de + f(x) ae 


© Basic Integration Formulas 
on 


iy x 
1a [x"dy= 
nt. 


+e,n#-1 
1 


b. fadx=ax+c fora EGR 


2a 1 ae=in|x|te 
x 


b ule) dee as iaicey| 4 e 
u(x) 
3 a Je dx=e*t+e 


a 
b fat dx=—+c 
Ina 

a“ 
© fat dy =— rr 
u((x)-Ina 

4 a |sinx dx =-cosxt+c 


b, Joosx dy=sinx+c 


= dx= Joec* xdx= fattan? x) dy=tanx+e 
ee x 


d f——ar= fesc* xdx= [(1+cot* x) dv=—cot x+e 
sin? x 


1 


dx =aresinx + ¢, = —arecosx+c, 


1 
f dx = arctan x +c, = -arecot x+¢, 
1+2x7 > 


Chapter Summary 


bs ation Methods 

1 Integration by substitution 
Let f(u) and u(x) be two functions which are 
differentiable with respect to u and x, respectively, 
Then f f(u(x))-w(x)dx = F(u(x)) +e 

2 Integration by parts: 
Let u = fix) and v = g(x) be two differentiable functions 
with respect to x, then Juv dx=u-v -fv sul dx. 


3 Integrating partial fractions 


a J R2 ax wath deg(Pta)) = deg(Q(a))- 1 


For integrals of this type, use the substitution 


u = Q(x) and ty to find du in terms of P(x)dx. After 
this, try to find the answer. 

b 1 dx with deg(P(x)) < deg(Q(x)) and Q(x) 
reducible in R 
In this case, if Q(x) is linear (degree 1) then we can 
evaluate the integral easily using the formula 
JX ae=tn}ul+ c However, if deg(Q(x)) > 1 we 
begin by trying to write the given expression as the 
sum or difference of two or more partial fractions 
The rules for doing this are given below. 


& P(x) ag Oe 
(ax+b)(cx+d) ax+b cx+d 

~ 4, Fg 1G 
(ax+b)" ax+b (ax+b)* (ax+b)" 

js P(x) = A, Bree 


7 (ax+b)(cx*+dx+e) axtb cx?+dx+e 


e [Aer with deg(P(x)) < deg(Q(x)) and Q(x) not 
ae inR 


Given —— if A = b?—4ac < 0 then use 
ax*+bx+c 
J dx _ a dx 
*+bxt+e PF !(metny. 
ax +bxte (=) a 
7 


~~ dx with deg (P(x)) > deg (Q(x)) 
¥ 


d Ja 
In this situation, first divide the numerator by the 
denominator then calculate the integrals separately 

Integrating radical functions 


a. Simple radical functions 
To integrate this type of function, try to eliminate the 
radical sign. To do this, we use substitutions such as 
u’, u3, etc. depending on the degree of the root 


b, Integrals of the form fvatew dx or fvtea dx 
Use trigonometric substitution. Begin by drawing a 
night triangle and labeling the sides as a, u and 
va*+u? or Ju? +a’, then integrate the resulting 
trigonometric expression. 

Integrating trigonometric functions 

a Integrals of the form fsin™ x-cos* x dx 


»If m and n are both odd numbers: First write the 


mel 


given expression as Js’ x+cos* x-cosx dx 
then use the substitutions u = sinx and 


1+cos2x 
2 


cos™* x=( )" to evaluate the integral 


»lfone of m and n is odd 
Change the term with an odd power to an equivalent 
term with an even power, then use the substitution 
u= sinx oru = cos x to evaluate the integral. 


» If m and n are both even 


we A 1-cos2x 
Use the identities sin* x =————— 


2 


= Loose to evaluate the integral. 


and cos* x= 
b Integrals of the form fsin mx -cos nx dx, 
fan mx-sin nx dx , or Joos mx-cosmx dx 


To solve this type of integral, use the inverse 
conversion formulas: 


sina-sinb =A feos(a+ b)-cos(a-b)] 
sina-cosb = Hein(at b)+sin(a-b)] 


c0sd-cosb = feosta+ b)+cos(a—b)] 


Concept Check 


c. Integrals contaming first only the first power of sinx 
and/or cosx 


Use the substitution t=tn> as result of which we 


have 


_ Qdt 


sinx = a = 
14+? 


What is the relation between the derivative and the 
integral of a function? 


What is the primitive of a function? 


Why do we need to add a constant c when calculating the 
indefinite integral of a function? 


Why do we need to write ‘dx’ when we integrate a function? 


Can we inte grate a function with respect to a variable other 
than x? 


What are the properties of the indefinite inte gral? 
Is there a function whose integral is the same function? 
Can we directly integrate trigonometric functions? 


Can we get different answers when we integrate a function 
by two different methods? If so, which answer is correct? 


What are the main methods of integration? 
What is the substitution method of integration? 


In the method of integration by parts, what is a good rule 
for selecting u and v'? 


Describe a method for integrating a rational function if 
the degree of the numerator is greater than the degree of 
the denominator. 


How can we use trigonometric substitution to integrate a 
radical function? 


Describe a method for integrating a trigonometric function 
of the form Jsina™x-cos* x dx ifm andn are both even, 


How can the substitution ¢= "9" help to evaluate an 
2 
integral? 


If we cannot integrate a function by using the basic 
integration formulas, which rules we can use? 


Integrals 


1. If f@)= fa® —x+3) dx then what is f’ (2)? 


p) 2 


Ayl B38) ey & 
3 3 


2, [(Bx" +4x-5) dx=? 
A) x? +x°- 5x 
C) 3x7 + 4x°- x + 


E) 3x°- 4x*-5x +e 


D) 6x-4+¢ 


E)5 


B) x* + 2x" — 5x +c 


3. f(xy= [SP2YE—*" ay as given. Find f(4) if the 
ve 
constant of the integration is 0. 
9 17 
Ajl B) 2 C= D) >= 
) ) ) 2 ) 3 


4, What is the primitive of the function 
2 2 
F(x) = 5x* + 3x - = 
Ay 4" 424.6 
2 


a 2 
py ae, 3" 2 
3 2 


a 2 
Cc) —+—-2In|x|+c 
2 
D)10x+3+—>+c 
x 


E) 430-2 4 
x 


Chapter Review Test L4 


5. f(x) = 3x" + 2x + 4 andf(1) = 3 are given. What 
is f(3)? 


1 


A)7 B)6 c) 5 D) 27 E) 45 


6, What is the primitive of the function 
F(x) = 3 cosx - 4 sinx? 
A) 3smx + 4 cosx +c 
B) 3smx—4cosx +c 
C) -3sinx - 4 cosx +¢ 
D)-3sinx + 4cosx +¢ 


E) 30S" 5 sin ax +e 
3 
=— dx=? 
% Q+x 
2 
A) ginlx| +e B) 3ln |2+x| +c 
1 


C) =In[2 +x] +c D) Jie! ee 
3 pa 

3 

———+te 

©) paral 


8 Jocot® x+1) dx=? 


A)-cotx +c B) cotx + ¢ 


C)smx +c D) tanx +c 


: 
E) = Xaxte 


ee 


9, footx dx=? 13. J9-sin® x-cosx dx =? 


A)In|smx| +c B) In Jcosx| +c A) sin? x B) cost x 
C)-cot2x + ¢ D) sec2x + ¢ 10) 10 
9sin” x 9cos” x 
Cc) +c D) ———“+e 
E) -cse 2x + ¢ To 10 
05: aging 
E) 9sin”’ x- cos am 
20 
4x-1 
¢ dx= 14. | ————_ dx =? 
10, farccos.x dx=? lamar 
A) xarccosx +x +¢ A) 3-In@e— 8) 
= )3-In@-95) +e 
B) xarccosx + yl-x® +c 
B) 2-In|x + 2] + 3-InJx-5| + 
C) arecosx + xarccosx +c )2-In|x | a ares ats 
D) xarccosx — ¥l-x* +c c) 
E) xarecosx + ¥lt+x° +e 
fy —— 
E)In Qx*-x +5) +e 
1 J 5 ig 15. Jcos4x-cos2.x dx=? 
"13x41 
cos4x | cos2x sin4x-sin2x 
bs) 
A) Sin [3x + 1] +e B) gini3x + 1] +e x 4 25 2 he a 8 6 
©) 16mn]3x +1] +e D)In|3x +1] +e c) Ee | Dy ee 
E) 3in|3x + 1] +¢ . 
E) ese peas +c 
16. feos x dx=? 
12. f(cos2x-3) dx=? a mx, By %4Sim2x, 
2 
Peake p) M28 _sr4c¢ ay 
eye D) cosx +c 
C)2sinx +c D) 2 cosx +c 3 
E) OSPR 5 5 E) p+ ee 


I. f(x) = Jae +1) and f(y = 2 are given. What is 
FQ)? 


A)O B)1 C)2 D)3 E) -2 


x +4x° -3x 
2. | 


A) Star-3te B) St4x—3-Injx|+e 


at jae’ 3s! 


oy 4 by “Bite D) x+4— 24 
x x 
3 
E) x°+4x°-3x 
f'@) 
i dx=? 
3 SFG) 
A) FG +e B)f(@) + 
©) In| f@)| + D) Ang?(@x)) + ¢ 


E) f*@) 


4, p22 dx = x° +4x° +5x-1 is given. 
x 


What is f(1)? 


A)-7 B)3 C)-2 D) 16 E) 20 


5. [@® +42) (+2) dx =? 


2 6 2 6 
A) (x? + 4x) B) oe aa a 


2 6 
© (x + 4x) ae D) axt+4 
3 6 


ce 


+c 


7. Jsm3x av=? 
a 
A) cos 3x + ¢ B) 3 sin3x + ¢ 
Cc) = Feosdx + D) sin3x + ¢ 
E)0 
8. joo =? 
smx 
A)snx +c B) cosx +c 


C)In|smx| +e 


E)In|cosx| +c 


D) An |cosx| + ¢ 


Chapter Review Test £2 


n 


9, fxsinx dx =? 13. Jsm2x-cos4x dx =? 


A) xcosx + smx +c B) xcosx -smx +c couDnt cOEGX 
A) = 
C) x*cosx +xsmx+c D)-xcosx + sinx +c 4 12 
E) xcosx —sinx + ¢ B) sin2a:scos6m 2 
12 
., sm*2x | cos* 4x 
Cc) + +c 
2 4 
sin6x cos2x 
10. fe cosx dx =? D) a” (2 te 
o 
A) spp cose Ramte) Re E) Cos2x—2sin4x | |, 
4 
B) xarccosx + 
C) arecosx + xarecosx + ¢ 
D) sec2v +e 14. x + f(x) dx = 5x‘ + 2x* —1 is gen. Whatisf(x)? 
E) warecosx + ¥l+x* +c A) 20x + 4 B) 20x? + 4x +c 
x 
5x? 
©) SE - ar +e D) &x* +240 


BE) +5rte 
1 ee 


= ae =? 
Us laa 


Ajaretan(x-1) +c  B) arctan (x +1) +c 15. fare a 
C) arecot (x +1) +e D)In|[x? + 2x +2] +e 


Ape +c B) 4e** + ¢ 
E) 2m|x +1] +e ‘ae 
Ix | pss D) 4e“* + 
EyeF* tic 


12, Jin? x-cos* x dx =? 
16, [SS ax =? 
x 


A) 15sin*xcos*x + ¢ B) 8sm*x + 8cos*x + ¢ 
c) BMX 4 SE 4g D) ie Ajsinx +c B) cosx +c 
C)cos(mx) +e D) sindnx) +¢ 
E sin’ x sin 
) 7 < 5 E) cos(sinx ) + ¢ 


Ll. f@= fow —w) dw is given. What is f(w)? 


A) X*_wxte 
2 


B)  _uxte 
2 


D) xu +u* +e 


E) xw-“ +e 
2 


% f(x)=[(x* +x-2) dv and fl) = 2 are given, 
What is f(2)? 


a2 py? 2% pa £13 
6 3 3 


3 fem cosx dx =? 


A) sinx + ¢ Bye +c 


Eye tHe D) cosx +c 


E) xe 
e 


3 
4, | ————dx=? 
les 
A) aresinx + ¢ 5B) arecosx + ¢ 


C) aresm3x + ¢ D) arctan3x + ¢ 
E) arccos 3x + ¢ 
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5. jee dx =? 


ox 
ext 


~—+te B) —+¢ 
3x +4 6x 
o # D) 6x-e™" 
te 6x-e tc 
a 
E) f +e 
x 
= ax=? 
6. Ja 
2 2 
A) ete By &-) 56 
, =i 
Cc) n|[x*-1]|+c D > 
) In| | ) aqF—D 
7. [5-e™* ax=? 
ye 
A) 35e** +.¢ B) +c 
yest 
C) 35e7 +e D) — +c 
7 
E) Ste 
8. [3et** sin 2x dx =? 
Ths Vets 
A) =sin"x+c B) -e +c 
oe Me 
° -pett +e D) 6e™* +¢ 
E) 3e""*+e 


sf 


B) a +c 
3 9 27 
Bets 88s 
c) xe xe pe e Ve 
3 9 7 
ae 
D) 
3 
ey? 
E) 3 —6xe* +e* +¢ 


10. fxeinx dx =? 


ay Ze Ze py Ae par ina 
9 2 4 
4 4 3 3 
pe re pe te 
4 16 4 16 
Singtel 
E* Inx Paw 
4 16 
x=1 
i. dx =? 
lore 
A) In|x? + lf +e 
c+ 
By) —— +e 
x -xt1 


C)n([x + 1Ppxo-x + IP) +e 
D) Sin|x? +11+¢ 


E) mr a re 
30 x +2x+1 
12, jaw? 
x +3x-4 
A)In|x + 4] +In|x-1] +e 
yin 244 46 
w= 1 


a + 
c) In([x+4]° (x-1) ye 


D)In([x + 4["@-1)4 +e 
E) n|x* + 3x-4| +e 


A)In[1-x*] +c B) arcsnx +c 


C) 2Vl-x +e 


E) Anfiox® [ee 
2 


14, [2282 ar =? 


A) Qtanr +e B) tan +c 
2 2 


Cc) 2tan*+2sin Ze e 
2 2 


FE) sm2+cos*+e 
2 2 


15, Jeos(cosx) -sin2x dx=? 
A) cosx +e 
B) sin(cosx) + cos(sinx) + ¢ 
C)smx +e 
D) sin(cosx) +cos(sinx) + ¢ 


E) -2(cos(cosx) + cosx sin(cosx)) + ¢ 


16. fes(x-1) dx=? 
Aye(x-1) +e Be@t+i1t+e 
C)xe* + etc Dee+l1te 
E)e(x-2) +e 


D) 2¥l-x° +e 


D) smx + cosx +c 
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EVALUATING DEFINITE INTEGRALS 


Let f(x) be a continuous function defined on an interval |a, b]. Then the area between the 
graph of f(x) and the x-axis is called the definite integral of f(x) betwen a and b. 


y 


For example, in the figure opposite, the shaded area A 
shows the definite integral of f(x) on the interval |a, b|. 


b 
We can write this expression as A = Jf@ dx. 


apelin differential 
J f(x) dx 
a 
lower limit integrand 
Note Fi 
If the graph is below the x-axis then its integral will a b 


be negative. However, area is a positive quantity so 
ry 

we reverse the sign: A = -[ fe) dx. 

We say that the definite integral can be negative but =! - 


the area is always positive. 


Note 7 

If part of the graph is below the x-axis and part of the A 

graph is above the x-axis then the integral will be the eS 

algebraic sum of the areas. \ ff 
> 

In the figure, all of the areas A, B, C are positive = / ai 


2 
numbers, so [fe dx=A-B+C. 


sok Integrals 


Note 
For linear functions we can use geometric methods (by finding the area of a triangle) to 
calculate the area under a curve. 


‘AMPLE 1 Find the area of the region between the graph of y = 3x and the x-axis on the interval |0, 4]. 


Solution The shaded area is 
; a 
A= fax dx = au =24 square units, by the 
0 


formula for the area ofa triangle. 


2 In the figure, the areas of the shaded parts A, B and 
C are given as A = 7 cm’, B = 9 cm’ andC = 8 cm’. 
Find the total area of the shaded region in the figure 
and evaluate the integral on the interval |a, b]. 


Solution Total areaa=A+B+C=7+9+8 =24cm* 


4 
The integral on |a, b| = [Feo dx=A-B+C 


=7-9+8=6. 


Defirxte Integrals 


B. THE FUNDAMENTAL THEOREM OF CALCULUS 


Fundamental Theorem of Calculus 
Let f(x) be a function such that f: Ja, b] > R. If F'(x) = f(x) and fre) dx = F(x) + ¢, then 


; 
J rcp ax = (FQ) +9) =F) -F@) 


’ 
Here we use the notation | to show the boundaries of the integral. 


Note 

The Fundamental Theorem of Calculus shows us that we do not need a constant of integration 
c when we evaluate a definite integral. For example, suppose we write F(a) + c instead of 
F(a), and F(b) + c instead of F(b). Then by the Fundamental Theorem of Calculus, 


2 
feo dx = (F(b) +c) -(F(a)+ ¢) = F(b) - F(a) + c—c = F(b) - Fa). 


FUNDAMENTAL THEOREM OF CALCULUS 


6 
[4 G9 ax=F)-F@) 


3B jxar=? 


4 21 2¢ @ 
Solution fravs poo 
} To 2 2 2s 
4 jx a=? 
3 
_ 125-27 98 


3 
2. 3 a 


Solution lies dx= 
3 


aoa 
! 


5 jamsav=2 


Solution fomx dx =~—cosx| = cos m— (-cos0)=1+1=2. 
> ° 


iaeat 


6 fe a=? 
! 


4 f..3 
Solution Je dx = —e* |=—- 
; ae 


Check Yourself 1 
Evaluate the definite integrals. 


a je dx bb. Jeosx dx fen dx 
1 ° ° 


Answers 
ais6 bo «fl a 
2 


C. PROPERTIES OF THE DEFINITE INTEGRAL 


Letf: |a, b] > R and g: Ja, b| > R be two integrable functions. Then the following properties 
hold: 


1 Js ax =0 


Proof f f(x) ax=F(a)- F(a) =0 


’ « 
2 J foo dx =- | fo dx 
. o 


P ri 
Proof — { f(x) dx=F(b)—F(a) =-(F(a) - F(b)) =-f f(a) ax 
: : 


» 6 
3. Foranyc ER, J c-f(x)dx =c- J feo ax. 


’ p 
Proof e-Jf@) dx =c -(F(b) —F(a))=c -F(b) -c -F(a)=c PO[= Je f(x) dx 


b b b 
4 J 1f@) ta@I ax = f fox) dx tf g@) ax 
: , 
Proof [f(xy dx£[g(x) dx =|F)-F@|+1G@)-G(@|_ = F(b) £G(B)I-1 F(a) £6(a)| 
= | F£6|(b)-| F £G|(a) 


= fF) +9091 ax 
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Proof 


Proof 


Proof 


a ' © 
5. For anya, b,c © Rwitha <b <c, then J f@ dx = [ f(x) de + J feo. 
e « b 
Jeep dx = F(c) — F(a) = F(c) — F(a) + F(b) —F(b) = |F(b) —F(a)|+|F(O — F(D)| 


= fre a+ fF dx 


’ b 
G. Iff(x) = g(x) for every x € Ja, bl, then J F(x) dx = J g(x) dx. 
* « 


If f(x) = g(x) then f(x) — g(x) = 0. 


Let us write h(x) = f(x) — g(x), so h(x) = 0 for every x on |a, b|. 


4 
We know that fre dx 1s the area between the graph of h(x) and the x-axis. 


P 
Ifh(e) = O then [h(x) dv >0. 


A , 
7 [jroas <f |fopjax 


2 
We know that fre dx is the area between the graph of f(x) and the x-axis on the interval 
la, bl]. So we have two possible cases: 


Case 1: f(x) < 0, for every x € |a, b| or f(x) = 0, for every x € |a, bI. 


A 4 . 
In the first figure, A=-| f(x) dv or | f(a) dv=—Aand |—A|=| Al= [| fC) | ax 


. " 
In the second figure, A =| f(x) dx = [|f(x)| dx. This concludes half of the proof. 


Integrals 


Case 2: Let c € |a, b|. Iff(x) < 0 for x € Ja, c| and 


5 
fx) = 0 for x € |c, bl then FQ) dv=A,-A, 


and so 


= [As - Ail 


Is@ dx 


yi 
However, {| f(x) | dxv=|A,|+]A,| and 

|A, - A,|S JA, +A,| by the triangle inequality. 
So 


[re dx|< [reo dx. 


Note 


1. All continuous functions have integrals on a closed interval |a, b]. 


2. A function with a countable number of points of discontinuity has an integral on the 
closed interval |a, b|. For example, if the pomts ¢,,c,, ..., ¢, € |a, b| are the pomts of 


discontinuity of f(x) then Jrep dx= fre ax+ fre AX ++ [re ax, 


7 fra=? 


r 3 
Solution We know fre dx =0, so fx dx=0. 
3 


8 jovsmarar-2 


Solution Ina similar way to the previous example we can write fisx* sin’ 4x dx = 0. 


4 


; 
9 jox+ax-9 ar=2 


3 3 3 3 
Solution [(2x*+3x-4) dv=2-[x° dv+3-fx dv—4-fax=2- 
1 1 | 1 


Definite Integrals 


1 91 52 6 
=2.(9-=)+3.(=->)-4--1)= 412-8 = = 
( 3 G 7 @B-) 3 5 


63 


EZ 10 


Solution 


Pexanrce BB 


Solution 


En 12 


Solution 


Eu 13 


Solution 1 


Solution 2 


jee x 5x41) oar 


ie av=fa-5+4 ax=[xdx-5-[ax +[rax= * j-5xj+Hnx| 
1 x 1 x 1 1 1% <4 1 


21 
ie) a e°-l0e+11 
=(—-~)-5-(e—-]) + (me -Inl) = ————_.. 
¢ 5) > (e-)+aqn ) 2 
4 
je dx =? 
° 
4 
[o* aoe 
3 
oe 
J (sinx+cosx) dx=? 
° 
ne 
J (sinx+cosx) dx =(-cos x+sim x) ii =(-cos Z+sin ay —(-cos0 + sin0) 
=(0+1)-C1+0)=2. 
1 
[vBx4T ax =? 
° 
We can calculate the integral using substitution: 
Mette = Gabe dsoida 33 dx, If we calculate a definite 
Now we need to calculate the boundaries in terms of w. otegeal sing the subeitition 
method, we must always 
The lower bound is 3-0 + 1 = 1. remember to calculate 
the boundaries in terms 
The upper bound is 3-1 + 1 = 4. So we can write of the substitution, 


tu4«s ou4 1 9.44 9.14 16-2 14 
Buti ax=1f ju qu=1"" f= = a2 = xan 
j ey ihe aa te rg oe 3; 8 


2 
Alternatively, in this example we can calculate the integral directly: 


[arr dx= Zaxey | i= ear ev = woe 


Integrals 


14 Juins ac=? 


Aa * 
Solution Letu =Inx and v' =x, then uw’ =— andv= = 
x 


15 [2% a=? 


fx? +x 


Solution We can calculate the integral using partial fractions: 


BY Bs 
= i= x+4 


xe 42x i {x(x +2) 


ord _A 


x(x+2) X x2: 


j x+4 
4x 42x 


Check Yourself 2 


B _(A+Byx+2A_ 
x(x +2) 


- ; 
ax= [2ax-f 4 av=@m|x|-In|x+2) i=in 
Ax 4x +2 -1 


Evaluate the definite integrals. 


a. [x°-cos4x dx 


poe 


3 
a Joe +x-2) ax 


3 é 
& foxes ax h fA ax 
x 
Ss 1 
Answers 
477 ore 25 
a0 § 26 ©. 4 20" 4 5e— 2 a 
4 3 3 6 
e.-1 ¢ TOS ina g = h.In4-2 
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4 
b. [@? +4x° -3x-2) dx 
1 


e. J cos x-sin2x) dx 


a2 


A+Bz=1and 2A=4.S0A=2 and B=-1, and 


* |f-m2 mi=in®. 
hed. 5 5 


D. LEIBNIZ’S RULE 


ES 16 


Solution 


EU 17 


Solution 


Leibniz's Rule 


Let f : Ja, b| > R be a continuous function such that F(x) = fro dt. Then 


= 4(F = 
Far= i fro a) FQ). 


Leibniz’s Rule gives us two important corollaries; 


COROLLARY TO LEIBNIZ'S RULE 


ve 


F(x) = Jeost® dt is given. Find PCD. 
1 


We know from corollary | to Leibniz’s Rule that F(x) = fro dt = F(x) =f@(x)) +v'(). 


F(x) = feost* dt and f(t) = cost’, then F'(x) = cosx*+ (x)' = cosx*. 
1 


So F(~-)= cos(N%)? = cos == Rc 
2 2 4 2 


F(x) = Jee —4t +1) dt is given. Find F’(2). 


We know from corollary 2 to Leibniz’s Rule that, 
uD) 
F(x)= J FO) dt = F(x) = F(u(x)) -v(x)— Fun) «u(x. 


ais) 
So if we have F(x) = Je —4t+1) dt then 


F'(x) = fx") - @")' — f(a) + (x)! where f() =F - 4t + 1, 
F'(x) = (x4 — 4x° +1) - Qx) - (QQ -4e +1) +1, 
F'(2) = (2° -4-2 + 1)- (2-2) -( 2-4-2 41) 

=F 
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E. THE MEAN VALUE THEOREM 


MEAN VALUE THEOREM 


In the given formula, f(c) is called the mean value of f(x) on the mterval |a, b|. 


1 8 Find the mean value of f(x) = 


Solution Let f(c) be the mean value of f(x) in |0, 4]. 


— 4x on the interval |0, 4]. 


By the Mean Value Theorem we have 


Check Yourself 3 


1. Given F(x) = Jane dt, find FQ ). 


2. Given F(x) = fe + 4t—1) dt, find F'(3). 


Age 
3. Find the mean value of f(x) =* +2 +1 on the interval |1, 31. 
Answers 


Vs Red 2.21876 3. is 
2 3 
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EXERCISES 2.1 


A. Definition of the Definite Integral 


1. Evaluate the area between the graph of f(x) = x 
and the x-axis on the interval |0, 3]. 


2, Find the integral of the function f(x) = 3x —2 on the 
interval |0, 4| and find the area between the graph 
of f(x) and the the x-axis on the same interval. 


3, In the figure, A = 5 cm’, 
B=4cm‘andC = 7cm*. 
Find the area of the 
shaded region and. 
evaluate the integral of 
f(x) on the interval |a, b. 


y 


B. The Fundamental Theorem of Calculus 
4, Evaluate the integrals. 


a. Jx° dx b, Jax dx 
2 1 
c. je dx da. (2 dx 
a ed 
6. Te dx f. feos. dx 
° 2 
& Jok+ dx h fax t+a°x) dx 
1, [ver dx 


0 


C. Properties of the Definite Integral 
§, Evaluate the integrals. 


a. [(Sx°+4x+cosxte™) dx 
geinteses) ay 


©. | 8x7 dx 


s 
io es be 


d. [ (x? +4x° +3x—-5) dx 


bos & 


‘ 
©. [Gxt 44x" +e Ve) ax 
x 
i 


£ f(sm3x+4cos2x) dx 
0 


sxe txtl 
g [aw 
1 x 


5 a 
6. fe) dx =7 is given. Evaluate fr@ dx. 
2 3 


7. Jfoo dx =5and Jrey dx = 8 are given. Evaluate 
a 
A 3 
feo dx. 
1 


D. Leibniz’s Rule 


. aF 
8, a. Given F(x) = Joost dt, fnd —. 
; ax 


fiat dF 
b.G (= oa find —. 
ven F(x) = f (+20) at, fin = 


ie 
©. FQxy= fsme dt is given. Find * 
a 


d. F(x)= Jord) dx is given. Find ae 
x dx 


E. The Mean Value Theorem 
9, Find the mean value of each function on the 
given interval. 
a. f(x) =x + 1 on 10, 5] 
b. f@) = x7 + 1 on |-1, 2| 


x +2x44 


©. f(@)= on |-3, 3] 


d. f(x) = sinx on [0, 2x] 


if 
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A. INTEGRATING ABSOLUTE VALUE FUNCTIONS 
Recall that an absolute walue function |f(x)| is a function such that 
yo=| F@), fO)20 
F(X), f@)<0. 


When integrating absolute value functions, first we find the positive and negative parts of 

given function. For the intervals where f(x) changes its sign we use the fifth property of 

definite integrals: i 7 ks 

fora <b<c, [ f(x) dv= [ f(x) dx | f(x) dx. 
2 2 * 


19 fixi a=? 
i 


Solution |x| = 


- 8 8 2 j Brit gas 
o fizl e= [Cay et fx salary ear | 


2 (30 Sa? ya Be 500). te 
“| 3s 2 oF) 2 


3 
20 ja) a=? 
° 
Solution x-2=0 = x =2 isthe root of x-2. 


-~(x-2) ifx<2 


So f(x)= | 
x-2 ifx>2. 


So he-2I ax= [4x-2) ax+ for-2) ax 
° > 2 


-(-E20)fe(2-25) 


=-2444+9-6-244 zi) 


2 2 
Definite Integrals 


—- 


Ens 21 


Solution 


Pexaneue BY) 


Solution 


3 
flx*-11 dx=? 
3 


Ifx°- 1 =0, thenx = lorx =-l. 


x -1 x2lorx<-—l 
Ix 1) = 
J-x°, -l<x<l 


fl x -Idx= ic -1) dx+ fa =x) a+ fox® 1) dx 
3 3 = 1 


44 
= 


= x?.1 x? 3 
pire Dir —ol 


Jleosx| ax =? 
° 


cosx on |0, 4 


[cos x] = 
T 
—cosx on |~, 1 
2 
jl cosx| dx = feos dx + J-cosx dx 
° ° z 
= (sinx | Ey Csinx |) 
° x 


= (sin —sin0)+(-sin m+sin a= 1+1. 


Check Yourself 4 
Evaluate the definite integral of each absolute value function. 


2 ‘ 5 
a. f[x+i] ax b. fla*-3x +2] dx c. Jlsmx] dx 
a a 4 
a. f¥x®- 2x41 ax e. f[x*-x]ax £ fls*-9]ax 
A 4 s 
Answers 
a5 a a4 aga gue 
3 3 3 


Integrals 


B. INTEGRATING SIGN FUNCTIONS 


Recall the definition of the sign function: 


F(x) >0 
smf(x)=) 0, f(xy=0. 
-1, f(x<0 


When integrating a sign function, we divide the interval into two parts as negative and 
positive intervals, since f(x) is not continuous at the point where f(x) = 0 


QZ fsencr+y av=? 


Solution 


24 fs’) a=? 
5 


Solution 


Definite Integrals 


x+1=0 > x=-l 


1 x>-l 
sgn(x+]l)= 4 0 x=-l 
=1 x<-l 


sence +1) dx= fa dx+ hi dx 


2 BY a 
a 4 
=-x|+x| 
jet 
=1-2+1-(1) 
=1. 


x-4=0 = x=+2 

1 x<-2 orx>2 
sen(x°-4)=] 0 x=+2 

al —2<x<2 


sence -4) dx= fart ie dx+ fax 
2 a + 2 
=x[+Cx) [4x1 
a 28 


=(-2)-(-3) +2) -244-2 
Sek 


C. INTEGRATING FLOOR FUNCTIONS 


Pexannue BP 


Solution 


The floor function [f(x)]] is the greatest integer value which is not greater than f(x). If 
f(x) € Z then [f(x)] 1s not continuous. For the points of discontinuity (i.e. for critical points) 
there is no integral. For this reason, when integrating a floor function we divide the interval 
into subintervals by using discontinuity points. 


3 
fix-max=? 
4 


Look at the graph of [x-1]. 
For-1lsx<0, [x-l]=-2. 
For0<x<1, [x-1]=-1. 
Forl<x<2, [v-l]=0. 
For2<x<3, [v-lJ=1. 


So fte-mar= j2 dx+ [tart fo at fax 
A 


4 ° 1 2 
° 4 3 
=-2x |+(-x)|+04+2] 
a ° 2 
=0-2+(-1)-0+3-2 
=-2. 


Check Yourself 5 
Evaluate the integrals. 


1, a. [ome ae b. famee-a ae c. Jisme? -»1 dx 
a 2 bc 

2: a: ju-nas b. jue c Jomtaax 

Answers 


Integrals 


APPLICATIONS IN PHysics 


Integrals have many applications in physics. In fact, some people say 
that calculus developed because of physics. Newton, one of the 
fathers of calculus, was also a great physicist. 


acceleration (a) 


How can we use integrals in physics? Let us look at some applications. 
velocity 
The area under a velocity-time graph gives us the displacement of a 


time (t) moving object. Also, the area under an acceleration-tme graph is the 
velocity of the object. So we can say that the integral of the function 
of acceleration is velocity, and the integral of the function of velocity 
is distance or displacement. 


velocity (v) We know that the gravity of acceleration of the earth (g) is about 9.8 mys’. 
Therefore, when you drop an object from a height, its speed after t 


seconds will be Jaw dt where a(t) is the acceleration of the earth, g. 


displacement 
After integrating this function we get: 


time (t) 
velocity = faw dt= fo dt=g-t+c=98 -tt+c 


How can we calculate the constant c? For this, we use information 
about the velocity. If we throw an object with a speed v, then at time 
t = 0 the velocity will be v,. Substituting this information in the 
equation gives us: 


v=98-t+e 
%=9.8-0+c=Cc. 


So we have the equation: 
velocity = acceleration - time + initial velocity - 


If we integrate this velocity function with respect to time then we get the distance: 
Distance = f o(t) dt. 


Again by using the given information we can find c from the initial height. 


Let us look at two examples of using these formulas. 


]] A rocket is launched. Its minal velocity 1s 120 m/s. 


a. 
b. 


@. 


What is the velocity of the rocket after five seconds? 
What is the height of the rocket after five seconds? 
What is its maximum height? 


Solution We can begin by writing v, = 120 m/s, g = 9.8 m/s*. The rocket 
moves upward but the acceleration of gravity works downward, so 
we will take the acceleration of the rocket as negative: g = -9.8 m/s’. 
Now, 


a. 


v(t) = Joa =-g-tte, 
u(0) = -g -0 + c,. This means c, = 
So the velocity at time t = 5 is (5) = -9.8 - 5 + 120 = 120-49 = 71 mss. 


. Let d(t) be the distance after ume t. 


Then d(t)= [(-9.8 -t+120) at= -598 E4+120t4 cy 


We assume that the initial distance of the rocket 1s 0 m. Therefore when t = 0 we have 
d(0)= -798 -0°+120 -0+¢,=0. 
This gives us c, = 0, which means d(t) = -9.8-0+120-t. 


So we have d(5) = -3 -9.8-5° + 120-5 = 477.5 m. 


». At the rocket’s maximum height its velocity will be 0 m/s. Using the formula from part a 


we get u(t) = -9.8-t+ 120 => 0=-98.-t + 120. This gives t= 12.24. 
So the maximum height = d(12.24) = 734.7 m. 


2 A stone is dropped from a balloon. 


Solution 


a. 
b. 


a. 


What is the velocity of the stone after ten seconds? 
If the stone hits the ground after twenty seconds, what is the 
height of the balloon? 


Given information: g = 9.8 m/s*, v, = 
vt) = fgdt =g-t te, 

When t = 0, v, = Osoc, = 0. 

Using u(t) = g - t after ten seconds: 
v(10) = 9.8- 10 = 98 ms. 


. A(t)= fos tdt= 598 -t° +c, m. The initial distance 1s assumed to be 0 so c, = 0. 


1 2 
So the height of the balloon = d(20) = 2 -98-20 = 1960 m. 


EXERCISES 2 


A. Integrating Absolute Value 
Functions 


ll. Integrate the absolute value functions. 


a. flea ax 
3 


c. |]2x+3| dx 


d. [|x*-1] dx 

e. [[x°-3x-4| 
4 

f. [|x°+3x42| dx 
SA 


g. {[smx| dx 
° 
he flat] ax 


=) 


4 


a [ve7+6x4+9 dx 


= 


B. Integrating Sign Functions 
2, Integrate the sign functions. 


1 
a. J sgn(x° —1) dx 
a 


b. fsen(x+1) dx 


i 


c. f sen(a* -2x +3) dx 
% 
4 
d. J sgn? -3x* -18x+ 40) de 
2 
3 
e flsen[x]I dx 
0 
£ Jsen(x* -5x -6) dx 
Es 


Integrating Floor Functions 


. Integrate the floor functions. 


a. [[v+I] dx 


ee 


e. frees dx 


a 


a 
. frnax 
12 


° 

— 
= 
ry 
= 
a 
= 


—s 
— 
re 
a 
N 
a 
ee 
g 
= 
e 


Definite Integrals 


CHAPTER SUMMA 


Definition of the Definite Integral 


a. Let f(x) be @ continuous function defined on the 
interval [a, b] Then the area between the graph of 
fix) and x-axis is called the definite integral of f(x) 


b. Ifthe graph is under the x-axis then its integral will be 
negative. However, the area A is a positive value 
» 
A=-[ f(x) dx 


The Fundamental Theorem of Calculus 
If f(x) is a function such that f [a,b] > R. 
If F(x) = fix) and f f(x) dx = F(x)+e, then 


fro dx = F(b)-F(a). 


Properties af the Definite Integral 

Let f. [@, b] + R and g: [a, b] — R be two integrable 
functions. Then the following properties hold 

1 | f(x)dx=0 


iy 


F(a) dx =f f(x) ax 
: 


fe-feay av =c- ffcx) ae 


A . » 
4 f[pcx)t g(x] dx = f(a) det fo(x) dx 


wo 


8 Ifasbsc then fre av= fray ax+ fea) ax 
: 5 


, . 
6 If fix)> g(x), then [ f(x) dx fax) dx 


» 2 
7 [Fee dx} s [|p| ax 

Leibniz's Rule 

If f [a,b] Risa continuous function and F(x) =] fieyae 


then P(x) = “(fey aty = fox) 
dx’; 


This implies that for any two differentiable functions 
u(x) and u(x). 
me) 


a F(x)= f f(t)dt F(x)= f(wx))-v(2) 


b Fee f f(tydt 


ule 


= (x)= f(ux))-v(x)- flux) u(a), 


The Mean Value Theorem 
Let f. [a, b] > R be a continuous function. Then there 
exists at least one c € [a, b] such that 


2 
Jf ax 
f= a 
The real number c is called the mean yalue of f(x) on the 
interval [a, b] 
Integrating Absolute Value Functions 
f(x), f(x)20 
|f9|= 
f(x), f(x) <0 
To integrate an absolute value function, first find the 
positive and negative parts of the given function. For the 
intervals where f(x) changes sign, divide the interval into 
two or more subintervals by using the fifth property of 
definite integrals and change the negative parts to positive 
Integrating Sign Functions 


1, ~@>0 
sgnf(r)=} 0, f(x)=0 
-1, f(x)<0 


To integrate a sign function, divide the interval into two 
parts as negative and positive intervals, since f(x) is not 
continuous at the point where f(x) = 0. 

Integrating Floor Functions 


[f(x)] is the greatest integer value which is not greater 
than f(x). If f(x) © Z then [f(x)] is not continuous. For 
the points of discontinuity (ie. for critical points) there 
is no integral, so divide the interval into subintervals by 
using the discontinuity points. 


Concept Check 


What is a definite integral? 
What is the relation between the definite integral of a 


function and the area between the x-axis and the graph 
of the function? 


What is the Fundamental Theorem of Calculus? 

How can we explain Leibniz's Rule? 

How can we find the mean value ofa function on a closed 
interval [a, b]? 


Name three special types of function and the integration 
methods we use for them 


Why do we need to divide the interval into parts when we 
integrate these special functions? 


Integrals 


ll, In the figure, A, B y 
and C are areas 
such that A = 3 
umt’, B = 6 umt’, 
and C = 5 unit’. 


‘ 
What is fre dx? 


A) 27 B) 14 c)4 D)2 E)8 
3 
2. pa? dx =? 
1 
A) a Bye =i BCSO 
1 
3, [5-2 dx=? 
> 
2 -2 2 
gee ee cy 
4 2 2e* 
e-1 
p) £ 
10e* 
eee 
4. if sinx dx =? 
° 
Ao Bl O-1 pb 8 
2 2 


z 
5. fax" -cosx-Inx dx=? 
7 


A)-1 B)O c)l 


2 
6. ae [or v3 «| 

A)-5 B)3. CC) 3x-4 
mf ee 

1 x 

A)1 B) 0 

4e+9 

3 
8. fx? ax=? 

a 

ao p2 8 

4 


D) cos (Inx) 


Chapter Review Test 2 


9, fextno@t+x—4) a=? 13. lesa dx=? 


7 (2x-1* 
A)6  B)4 C)2 D4 £)-6 ap? ap et oe wy 
13 35 5 125 
a : 
“8 14, [ 228082 ax =2 

10. J smax dx =? > sm2x 
( Bi 1 1 Bo Om pl n¥ 
Hl BO O-- DR ES 2 2 

15, F(x) = Jcos(3t) dt is given. What is F’(0)? 

UL. [@x-p* d=? ayo Bl ot p® i 
a B 2 4 
nis a gl py St ay B24 

3 3 5 


16. What is the mean value of the function f(x) = cosx 


ea al TTI, 
on the intervs ripe 


Ao a) 2 


1 
12, fx-e* dx=? = Cc) 
0 


A)o B)-1 cye D)1 E) -e ise 


te sane 


a 
© 


« 4 
In the figure, Jreo dx = 18 and Jr@ dx=10. 
> 2 

What is the total area of the shaded region? 


A) 28 B)8 Cc) 10 D) 12 E) 26 


2. fox ~4x) dx =? 
o 


A)O B)4 Cc) 12 D) 16 E) -4 


7/2 
4. i cosx-sinx dx=? 
r/4 


pi 


A) — B 
i 9g 


F 
5. [(x+2) dx=10 and a—b = 2. Whatis a? 


A) 2. B) -6 C)-4 D)5 E)6 


6 Joomx-+ osx) dx=? 
° 


A)O B)1 c)2 D4 E)-1 


7 [NOFX dx =? 
i 
ay op 2® oy Oop mpd2e 
3 5 
ed 
8 f= ax=? 
a x- 
Aje+3 eye he 
2 
Dye 


Chapter Review» Test 24 


2e°-1 2 17 9 58 1 
A B Ceti a= bh. OO HA B-i 
aa aa ye 3 Yo5 » sei ) ) 
D) 23 E)l-e 
1 3 x 2 
U(x") t 
10, {£ =? 14, F(x) = dt is given. What is F'(x) ? 
lee @) Few i @) 
x 2x* 2x 
A) B) c = 
A) 0 Ryne By ie it 13x" 
Bene Ine He on) E) nfl + x| 
uA 
ee ae ae 
A) In9 -In3 B) m3 -In5 C0 15, | ccmantnhente 2 
D) 2 + In25 E)In5 -1 
, ) A)O B)1 Cc) me D) = E) L 
16 2 
12. j ela dx=? 
1x +3x 
16. What is the mean value of the function 
7 125 
A) 2In3 + Ind B) In) c) nC? f(x) = 2x* +1 on the interval |0, 5|? 
5 5 62 
D)1+In2 E) n(i25y jz g® oo B® p nH 
128 4 5 3 7 5 


22 
13. J sin? x-cos?x dx=? 
0 


wh 


4 

oy 
yey 
/ / 


Va as) 


FINDING ThE AREA UNDER A CURVES 


Definite integrals have many applications. We can use definite integrals to find the area of a 
region bounded by a curve, the volume created by rotating a curve, the length of a curve, the 
mean value of a function, the center of mass of an object, and to calculate the displacement 
and work done in motion and projectile problems. 

Most of these applications are useful in mathematics or physics. In this chapter we will look 
at the applications of the definite integral in mathematics. 


FINDING AREA 


Let f: |a, b| > R be a continuous function such that for 
every x, f(x) 2 0. Then the area of the region between 
y = f(x) and the x-axis on the interval |a, b] is 


2 
A= FG) ax. 

Conclusions 

The theorem above gives us four important 

results. 


1. If f(x) < 0 then the area of the region between 
y = f(x) and the x-axis on the interval Ja, b| 
will be 


A= J-r09 dx= fron dx. 


More generally, if y = f(x) is any continuous function on the interval |a, b| then the area 
between y = f(x) and the x-axis is 


' 
A=fIF@| ax. 


2. In the figure, the total area of the region will be 


Area=A+B+C= [re ax—f fo at fs) dx. 


Integrals 


Remember: 
a. The defmite integral of f(x) on |a, b| is 


[00 dx=A-B. 


b. The area between f(x) and the x-axis on |a, b| 1s 
Area= A+B. 


3. The area between y = f(x), the y-axis and the 
lines y = m and y = nis A=] sav. 


4. We can use the formula for the area under a curve to define the area between two curves. 


a. 


Let f(x) and g(x) be two curves. Then the area A between f(x) and g(x) on the interval 


& 
la, b] is A= J¥@ — 9(x)] dx. 


The area Berreen te) and g(x) is 


A+B+C= fuw- g(a) d+ [oot - soo av+ fore =9(x)) ax. 


Applications of Definite Integrals e 83 " 


1 Find the area A of the region bounded by the graph of y = x + 1, the x-axis, and the lines 
x= 2andx = 4, 


F t x 4 
Solution A=f@+) ax = (S+]f 


=(8+4)-(2+2) 


=8. 


EXAMPLE 2 Find the area A bounded by the graph of y = -3x + 1, the x-axis, and the lines x = 1 and 
x= 3. 


3 
Solution A=f-(-3x+)) dx 
1 


27 3 
= =3) (1 
G ) G ) 


EXAMPLE 3 What is the area of the finite region between the graph of y = 1 —x° and the x-axis? 


Solution fx) =1-x°=0 > x=+1 


1 


A=Ja-xyae=[x-] | 
et 3 


a 
26-5 
=a re) GH) 


= 
7 


ELD: Integrals 


EXAMPLE 4 What is the area of the finite region between the graph of y = 2-3x + x° and the x-axis? 


Solution y°-1=0 >y=+1 


A=f-G'-day=-4 - pI 
4 3 = 


nae eae a ee 
=-G-D+Cgt 


i 
Cons 


Check Yourself 1 
1. Find the fimte area between the graph of y = x° — 4 and the x-axis. 


2. Find the area of the region bounded by y = 2x*— 4x + 5, the x-axis, and the lines x = 2 


and x = 3. 


3. What is the area of the region bounded by y = 3x + 5, the x-axis, and the lines x = 1 and 


x= 4? 


4. Find the area of the region bounded by the graphs of y = Sx + 1, the y-axis, and the lines 


y = 2andy =3. 
5. Find the area of the region bounded by the graph of y° = x + 9 and the y-axis. 


6. What is the area of the region bounded by y = 2° and the lines x = 1,x =-1 andy = 0? 


Answers 
(22 @ 2 gS gf gae go 
3 3 2 2In2 


Applications of Definite Integrals 


P exanece Be) 


Solution 


= 7 


Solution 


Solution 


Find the area of the finite region between the graphs of y, = x’ + land Y. = 5. 


Before we begin, we need to find the interval for the 
integration. If we sketch a rough graph we can see 
that the interval is set by the intersection of the two 
lines. Therefore, we need to solve the two functions 
simultaneously to find the upper and lower limits 
for the imtegral. Then we can find the definite 
integral between the limits. 


y=xrtl 


J,=y. 9 CPI Sw +H. 


5 -(x" 


Again, we find the interval by solving the two 
functions simultaneously. 

Y=. > PAQB=—e+4 

x, = 2and x, = -1 


A= f(x 4)— (0 +2) d= f(a? + x42) av 
4 4 


8 ai, 
-=+2+4)-(<+ —-2 
( 3 ) G 3 ) 


F(x) = 9%) 


x°-x = 3x—x* 


Sox, =0, x, = 2. 


A= (Gx—x°) -(a? -x)) dv = f(-2x* + 4x) ax 
a H 


Integrals 


EXAMPLE 9 Find the finite area between the graphs of y = x°, y = 0,x = -2andx=1. 


Solution The graph intersects the x-axis at the point x = 0, 
so part of the area lies above the x-axis and part of 
it is below the x-axis. Therefore we divide the area 


mto two parts. 


‘ i Bi Geeky 
A= [-x ax+fxdxs-~ [42 
Le era ag 
jatae 
q 4 


SETS) 1.O rina the area of the region bounded by y = x°,x = 0, y = -2 andy = 2. 


Solution 


2 Fy 
Total area = A + B= 38, HE sap 


These two areas are symmetric. Therefore, if we multiply A by 2 we will find the total area. 


1 1 What is the area of the region bounded by y = x" 


Solution A+B= 


“ + 3x, the x-axis and the line x = 3? 


Applications of Definite Integrals 


EXAMPLE 1 2 What is the area of the region between y = cosx and the x-axis on the interval |0, 27|? 


Es 13 


Solution We can see from the figure that the areas of all 


Solution 


four parts A, B, C, and D are equal. So we can 
calculate the answer as follows: 


Total area = 4- feos x dx= 4sm af 
0 


=4sn=-4sm0 
2 


4. 


What is the area of the region bounded by the graphs of the functions y, = x° and y, = x? 


First we need to find the intersection points: 
Y, = Yo 
2 = 2; 2° =-*4:= 032 DE #1) = 0; 


So the intersection points are x = -1, 0, 1. 


2 4 
A= Jo? =x) dv + f@—2) dx 
4 ° 


Check Yourself 2 

1. Find the area of the region bounded by y = x* + land y = 3x-1. 

2. What is the area of the region bounded by y = 3x" + 1 and y = 4? 

3. Find the area of the region bounded by y = 2x* + 3x and y = —x* — 3x + 24. 

4, What is the area of the region bounded by the graphs of y = x°— 2 and y = -2x* + x? 


Answers 
1. eo, 2.4 3.108 4. Si 
6 12 


Integrals 


EXERCISES 3.1 


1. Find the area of the region bounded by the graph 
of y = 4—x* and the x-axis. 


2, Find the area of the region bounded by the hne 
y =3 +x and thex and y axes. 


3. Find the area of the region bounded by y = 2x - 1 
and the x-axis on the interval |0, 3]. 


4, Find the area of the region bounded by the graph 
of y = 1-3 and the x-axis on the interval [2, 5]. 


§, Find the area of the region bounded by the graph 
of y = x* + 5 and the x-axis on the interval [0, 3]. 


6, Find the area of the region bounded by 
the graph of y = x°— 3x — 4 and the x-axis on the 
interval |-1, 7]. 


7. Find the area of the region bounded by the graphs 
ofy=x-1l,y=0,x =landx =3. 


&, Find the area of the region bounded by the graphs 
of y = x°-1,y=0,x =1landx =2. 


9. Find the area of the region bounded by the graphs 
of y =3-x',y =0,x =Oandx =2. 


Applications of Definite Integrals 


10, Find the area of the region bounded by the graphs. 
ofy = 2x +1,x=0,y=landy=3. 


11. Find the area of the region bounded by the graph 
of y = 3x — 1, the y-axis, and the lines y = 0 and 
y=2. 


12. Find the area of the region bounded by the graph 
of y = vx, the y-axis, and the lines y = 1 and 
y=3. 


13, Find the area bounded by the graph of x = y°-4 
and the y-axis. 


14, Find the area of the region bounded by the graph 
of x = y°—3y + 2 and the y-axis. 


15. Find the area of the region bounded by the graphs 
of y = 2x° - 3x + 1 and y = 3 on the interval 
12, 31. 


1G. Find the area of the region bounded by the graphs 
ofy = 2x-5,y = -2,x = landx =3. 


17. Find the area of the region bounded by the curves 
y=x*-1andy=1-x*. 


18. Find the area of the region bounded by the curyes 
fix) = x? and g(x) = Vx. 


19. Find the area of the region bounded by the curves 
y=4-x andy =x +2. 


20, 


i, 


22. 


= 


27. 


Find the area of the region bounded by the graphs 
ofy = 2x°-3x + landy =-8x + 4. 


Find the area of the region bounded by the graphs 
of y =x°-1 andy = 3x +3. 


Find the area of the region bounded by the graphs 
ofy =4-x° andy = 2x +1. 


Find the area of the region bounded by the graphs 
2 ofy =x? —2x* and y = 3x. 


Find the area of the region bounded by the graphs 
of f(x) = x° and g(x) = 4. 


Find the area of the region bounded by the graphs 
of f(x) = 3 — x° and g(x) = 2. 


. Find the area of the region bounded by the graphs 


of y =x° and x = y’°. 


Find the area of the region bounded by the graphs 
of y = cosx and y = sinx on the interval |0, x] 


. Find the area of the region bounded by the graphs 


of y = smx and y = cos2x on |0, $l 


|, Find the area of the region bounded by the graphs 


sinx 
and y= 


cos x 
of y= —— 
3 


rt 
ml 4. 


30. 


31. 


32. 


Find the area of the region bounded by the graphs 
of y = 2sinx and y = 3cosx on |0, al: 


Find the area of the region bounded by the curve 
y = sinx and the x-axis on |0, 27]. 


Find the area of the region between the graph of 


y =5- cos4x and the x-axis on |0, 4. 


. Find the area of the region bounded the graph of 


y = 3-sinx, the x-axis, and the lines x = 0 and 
xek, 
3 


34, What is the area of the region bounded by the 


o 


graphs of y = x, y = 3x" and y = 4x? 


. In the figure the shaded y 


area is 12 cm’ and 


[reo ar=0 


What is fray dx? 
a 


. The area of the region bounded by y = ax" (a > 0), 


the x-axis and the line x = 31s 18 cm*. What is the 


value of a? 


Integrals 


37, Find the area of the region bounded by the graph 
1 

of y= —, the x-axis, and the graphs x = 1 and 
x 


goed. 


38. Find the area of the region bounded by the graph 
of y = Inx, the x-axis, and the graphs x = e and 


x= 


39, The figure shows the graph of the function f(x). 
fre dx = -5 and Jreoae =5 are given. Find 


the total area of the Shaded region. 


40, The figure shows the y 
graph of f(x). 


1 
If [ f(x) dv = -3 and 
1 


the area B is 8 cm’, 


% 
what is flFool dx? 
1 


4, Find the area of the region bounded by the graphs 
ofy =x° + 3x-1,y=0,x =-3andx=0. 


42.. Find the area of the region bounded by the graphs 
of y = x° and y = 1 on the interval |-2, lJ. 


Applications of Definite Integrals 


43, Find the area of the region bounded by the graphs 
e of y =x° + 1 andy = 5 on the interval |0, 2]. 


44. Find the area of the region bounded by the graphs. 
of y = 1+ 3x, y = 8, x = 2andx = 3. 


45. Find the area of the region bounded by the curves. 
y = 2x°-3x + 5andy = 10-x-2x". 


46, Find the area of the region bounded by the curves 
y =x? +x° + Ix and y = 7x°- 9x + 6. 


47. Find the area of the region bounded by the graphs 
ofx = y' andy =x-3. 


48, Find the area of the region bounded by the graphs 
° 


of y = sm3x, y = 2cosx, x = 0 and rok, 


49. Find the area of the region bounded by the graphs. 
° on 7M, 
of y = cos 2x and y = 2sinx on reg rue 


50. What is the area of the region bounded by the 
tangent line of f(x) = Inx at the point x = e, the 
graph of the function g(x) = Inx, and the x-axis? 


51. Find the area of the region bounded by y° = x, 
oo i i 3 
=x, y=1, y=5. 
y a’ y y 3 


52. Find the area of the 
shaded region in the 
figure. 


a1 


_ Coc dit APPLICATIONS. — 


A. CALCULATING THE VOLUME OF A SOLID OF REVOLUTION 


When a region is rotated about an axis we obtain a solid figure. This figure is called a solid of 
revolution. We can use the definite integral to find the volume ofa solid of revolution. 


Let f(x) be a continuous function defined on |a, b|. Then the volume V of the solid 
generated by rotating the area between the graph of f(x) and the x-axis on |a, b] about the 


x-axis is 


v =n: flsoor dx. 


Note 
f'x is used in the place of [f(x)]°. 


1 4 What is the volume V of the solid figure generated by rotating the area between y = 3x and 


the x-axis around the x-axis on the interval |0, 2|? 
Solution Look at the figure. Using the theorem we can write 
v= n-J@x)? ax = n-fox* ax 
2 2 


= 3nx 


= 24m. 


1 5 What is the volume V of the solid obtained by rotating the region between y = x° + 2 and 


the x-axis around the x-axis on the interval |1, 3]? 
; 2 2 
Solution V= fae +2)° dx 
1 


3 
=| (xt + 4x" +4) dx 
1 


Integrals 


Note | y 
If we rotate a figure around the y-axis then the 
volume is created by x = f(y) and we integrate it 


y= ax) 


with respect to dy: 
4 
Var-J SM dy. 


1 6 Find the volume V of the solid figure generated by rotating the region between f(x) = 3x - 1, 
the y-axis, and the lines y = 2 and y = 5 around the y-axis. 


Solution To find the volume, we find x in terms of y and 
integrate the expression with respect to dy: 


y=3x-1 ax 


van [ots ay=n fet g 


y 
9 y 


Note 

If we rotate the area between two curves 
f(x) and g(x) on the interval |a, b] then the 
volume of the solid figure generated is: 


y =f(x) 


y= a 


. 


. 
Ven: [(F*(x)-9° (2) dx. 


Applications of Definite Integrals 5 


1 7 Find the volume V of the solid figure which is generated by rotating the area of the region 
bounded by the graphs of y = 2x° + 2 and y = 3 — 2x* around the x-axis. 


Solution 2x°+2=3-2x" = x=+2 
2 


V=n- ‘i [(-2x*)* —(2x° +2)" | dx 
ar 
7 
=n f (-20x° +5) dx 
cin 


3 we 


=n(- 
an 
20 20 =5 
=m c=“ 5-e4-3 
(« 24° 2 “Sq 2? 
_ 10m 
3 


EXAMPLE 1 8 Find the volume V of the solid figure generated by rotating the area bounded by the graphs 
of y = x° and y = Vx around the x-axis through 60°. 


Solution We can solve the equations simultaneously to find the intersection points: 
x? = Jx,x, =0 and x, =1. 


v= 50 total volume) 
360 


ELD: Integrals 


EXAMPLE 1 9 What is the volume V of the solid figure generated by rotating the area bounded by the graphs 
of y = e&*, x = 1,x =3 and y = 1 around the x-axis? 


3 
Solution V=nx.- fem -l dx 
1 


Applications of Definite Integrals 


Check Yourself 3 


1. Find the volume of the solid figure generated by rotating the area 
between y = x°- 4 and the x-axis around the x-axis. 

2. Find the volume of the solid figure generated by rotating the area 
bounded y = 4x — 1, the x-axis, and the lines x = 1 and x = 3 around 
the x-axis. 

3. Find the volume of the solid figure generated by rotating the area 
bounded by y = 3x° + 2x + 1, the x-axis, and the lines x = 0 and 
x = 2 about the x-axis. 

4. Find the volume of the solid figure generated by rotating the area 
bounded by y = 2x + 1, the y-axis, and the lines y = 2 and y = 5 
around the y-axis. 

©. Find the volume of the solid figure generated by rotating the area 
bounded by y = 2x° + x + 2 and the lines y = 1, x = 1 and x =2 
around the x-axis. 


6. Use the definite integral to show that the volume of a sphere with 
radius R is aR. 


Answers 
1 5120 2 326n 3. 21341 4 21n 5. 3497 
15 3 15 4 5 
G. Place a circle at the centre of the coordinate plane and use the equation 
of circle. 


95 


B. FINDING THE LENGTH OF A CURVE (OPTIONAL) 


The length L of any curve (or line) between the points a and b of a continuous and 
differentiable function f(x) is: 


. 
L= [fit (roy ax. 


EXAMPLE 20 Find the length L of the graph of f(x) = 4(x — 1)°* between x = 1 and x = 2. 


Solution 


Es 21 


Solution 


Using the formula we get: 
F(x) = 6-1)" 


L= [Yr ean? ax 


ice 36(x-1) dx [ear —35 dx 
1 1 


u=36x-35 = du= 36 dx or dx= 
df M ay = WE = @6x- 35)4 te 3737 -1 
54 1 54 


Find the circumference of a circle with radius 2 units. 


Let us assume that the center of the circle is at the origin of a graph, then the equation of 
the circle is x° + y° = 4. 

So y=+y4-x". 

Now let us divide the circle into four parts and find the length ofjust one part: 


L= fire) yxy) ax. 
3 


So the circumference of the circle = 4 - 


= 8 -(aresm1—arcsin0O) 
= 4r units. 


Integrals 


C. CALCULATING THE AREA OF A SURFACE OF 
REVOLUTION (OPTIONAL) 


FINDING SURFACE OF REVOLUTION 


Tf a function f(x) has a continuous first derivative on |a, b| then the area A of the surface 
generated by revolving the curve about x-axis is 


ie = 
A=2n-[ fa): fit(Fo@oy dx. 


Such a surface is called a surface of revolution. 


EXAMPLE 22 Find the surface area of a sphere with radius r = 3 cm. 


Solution Let us take the circlex’ + y°>=9 => y=+ ¥9-x°. 


Now let us use the arc between x = 0 and x = 3 and rotate it. This will give us half of the sur- 
face area of the sphere, so we need to multiply the result by 2 to obtain the whole surface area. 


2 
surface area =2 .2n- [yO - fb) dx 
a 
2 
= an Oe ye ax 
0 
2 
2 3 
=4n-[ Jo- 
Ss) aie 


2 
= 47 -(3x) | 
0 


=36ncm* 


Check Yourself 4 

1. Find the length of the curve y = 2(x + 3)” between x = 1 andx = 3. 

2. Find the length of the curve y = 4x°— x + 1 on the interval |0, 1| 

3. Find the length of the curve y = x** on the interval |0, 2]. 

4. Find the area of the surface of revolution which is generated by rotating the curve 
y = 2x + | about the x-axis on the interval |1, 3]. 

5. A parabolic reflector is obtained by rotating the parabola y = Vx on the interval [1, 2| about 
the x-axis. What is the surface area of the reflector? 


Answers 
aa ‘ es 3 goes 4.20nV/5 5 


Applications of Definite Integrals o7 


number of users (v) 


A 


We have seen how to use the definite mtegral to find the 
area under a curve, the volume ofa solid, and the length of 


a curve. These results have many practical applications. 


For example, Table 1 shows a graph about a cell phone 
company. The graph shows the number of new users the 
company hopes to have per month. How many users will 
there be after five months? The 


answer is the area under the 


graph 


The definite integral is also 
useful in economics and busi- 
ness. Statistics is the branch of 
mathematics that studies and 
processes data. Statisticians use 
tables and graphs to find out 
months 

about changes over ume, for 

example, changes in a compa- 
ny's income, or changes in the population of a city or 


country. For example, imagine you are studying the pop- 


ulation of an island. You have found that the popula- 
tion increase P over t years 1s given by P = 25Vt + 20. The current population is 
1200. How many people will be living on the island in thirty years’ time? (This 
problem is left as an exercise for you. Hint: use the definite 


integral.) 


The definite integral also has applications in circuit design, 
architecture, astronomy and many other fields. Integrals 
tell us about the dilation of electronic circuits, the curves 
and surface areas of buildings, and the movements of the 


stars and planets. 


EXERCISES 3.2 


A. Calculating the Volume of a Solid of 
Revolution 

1, Find the yolume of the solid figure generated by 

rotating the area of the region bounded by 

y = 2x + 5,x = 2and x = 3 around the x-axis. 


2, Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = x° + 1 and the x-axis on [0, 1| about the 
x-axis. 


3, Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y= x°— 1 and the x-axis on |1, 2 around the x-axis. 


4. Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = 3x + 1, the x-axis, and the lines x = 1 and 
x = 3 about the x-axis. 


5, Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = 1—x° and the x-axis around the x-axis. 


6, Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = x° —4 and the x-axis about the x-axis. 


7. Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = 2x — 1, the y-axis, and the lines y =1, y = 2 
0 about the x-axis. 


&. Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = 2x°— 1, the y-axis, and the lines y = 0 and 
y = 3 about the y-axis. 


Q, Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = x° +4 and y = 2 on the interval |1, 3] about 
the x-axis. 
\Q. Find the volume of the solid figure generated by 
© rotating the area of the region bounded by 
y = x°-—4 and y = 3x + 6 and x-axis about the 
x-axis. 


Applications of Definite Integrals 


i. 


12, 


14, 


15. 


16, 


17. 


18. 


19. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = 4x —1, and the x-axis on |0, 3] about y-axis. 


Find the volume of the solid figure generated by 
Totating the area of the region bounded by 
y =e", xX = 2 and the x and y axes about the 
x-axis, 


. Find the volume of the solid figure generated by 


rotating the area of the region bounded by 
y = sinx, x = 0, x = 7 and x-axis about the 
X-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = cos 2x, x= = and x-axis about the x-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by y = x* 
and y = x about the x-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by y = x* 
and y = x about the y-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y° =x + 4,x = 2and y = 2 about the x-axis. 


Find the volume of the solid figure generated by 
Totating the area of the region bounded by 
y = 2x° + 3x -— land y = x° + x — 2 about the 
x-axis on |1, 3]. 


Find the volume of a cone with radius r = 3 cm 
and altitude 4 cm by using integration. 


Find the volume of the solid figure generated by 
Totating the area of the region bounded by 
y =x° + land y = 3x—1 about the x-axis. 


99. 


21, 


22. 


23. 


24. 
° 


25. 


26. 


27, 


28. 


Find the volume of the solid figure generated by 
rotating the area of the region between y = tanx 
and the x-axis on the interval [o. | about the 
x-axis through 180°. 3 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y = 5-x andy =x° + 3 about the x-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
f(x) = -x* and g(x) = x° — 3 about the x-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
F(x) = *, the x-axis, x = | and x = 3 about the 


y-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
{[@® = >, the x-axis, x = 1 and x = 3 about the 


x-axis. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y=x'+x+4+1,x=1,x = 2 and the x-axis about 
the x-axis through 90°. 


Find the volume of the solid figure generated by 
rotating the area of the region bounded by 
y =e,x = 1, x = 2 and the x-axis about the 
x-axis through 120°. 


Find the volume of the solid figure generated by 


® yotating the area of the region bounded by 


y = 5-x°, y =2,x=0,x=l1abouty=1. 


31, 


. Find the volume of the solid figure generated by 


Totating the area of the region bounded by 
y = 1—x"*, the x-axis, x = 1 and x = 3 about the 
y-axis. 


|. Find the yolume of the solid figure generated by 


rotating the area of the region bounded by 
y = x°, the x-axis, x = 0 and x = 2 about the y- 
axis. 


Finding the Length of a Curve 


Find the length of the graph y = 3x + 1 between 
x =Oandx = 4. 


. Find the length of the curve y = 2-(x - 1)*° on 


the imterval |1, 2]. 


. Use integration to find the circumference of a 


circle with radius 5 cm. 


. Find the length of the parabola y* = x on the 


interval |0, 1]. 


Find the length of the graph y = x” over |0, 1. 


. Find the length of the curve y = x° — 1 between 
x=Oandx=1. 
Calculating the Area of a Surface of 


Revolution 


Use integration to find the surface area of a 
sphere with radius 2 cm. 


Find the surface area of the solid figure 
generated by revolving the parabola y = x* around 
the x-axis on the interval |0, 1|. 


. Find the surface area of the solid generated by 


943/2 
Totating the curve y= 


on |1, 2| about the 


x-axis. 


|. Calculate the surface area of the solid obtamed by 


rotating the graph of f(x) = vx on the interval 
|0, 1] about the y-axis. 


Integrals 


Chapter Summary 


CHAPTER SUMMA 


Area 
1 


If f : [a, b] > R is a continuous, positively defined 
function (f(x) 2 0) then the area A of the region 
between y = f(x) and the x-axis on the interval (a, b] 
1s 


A =froay ax. 


2, Ify = f(x) is any continuous function in the interval 
[a, b] then the area between y = f(x) and the x-axis is 


» 
flee a 

3. The area A between y = fix), the y-axis and the lines 

y=mandy =nis 

A= J f(y dy 

4, Let f(x) and g(x) be two curves Then the area A 

between f(x) and g(x) on the interval [a, b] is 

» 
A= f[f(2)-g()] ax 


Volume of a §olid ef Revolunon 

1, Let f(x) be a continuous function defined on [a, b] 
Then the volume V of the solid obtained by rotating 
the area between f(x) and the x-axis on [a, b] is 


ver: ffx) ax 


2. If we rotate the figure around the y-axis we use 
x = f(y) and integrate with respect to dy 


‘ 
van [f(y ay 


3. If we rotate the area between two curves f(x) and g(x) 
on the interval [a, b] then the volume V of the solid 
figure 1s 


" 
Ven | f(x)- g(x) dx 


© Length of a Curve 
The length L of any curve (or line) between the points 
a and b for a continuous and differentiable function 
fix) 1s 
2 
L= J fitP@oy ax 
e Area of a Surface of Revolution 
If a function f(x) has a continuous first derivative on 


{a, b] then the area A of the surface generated by 
rotating the curve about the x-axis is 


A= on-f f(x) +(f(ayy? dx 


Concept Check 


* How can we use integration to find the area under a 
curve? 


* How can we find the area between the graph of a 
function and the x-axis if the function is below the 
x-axis? 


« How can we find the area between two curves if they 
intersect at a countable number of points? 


* How can we find the area between the graph of a 
function and the y-axis? 


* How can we find the volume ofa function rotated around 
an axis by using integration? 


«* How can we find the length of a curve on a closed 


interval [a, b]? 


* How can we use inte gration to find the area of evolution 
ofa surface? 


101 


1. y 


3 
In the figure, JF@ dx =12 cm® and 


5) 


freo dx = 5 cm’. 


3 


What is the total area of the shaded region in cm*? 


A)T7 B) 12 C)17 D) 19 E) 21 


2, What is the area of the region bounded by the 
graphs of y = 2x — 3, the x-axis, and the lines 
x = 2and x = 4? 


A)6 5B)9 Cc) 10 D) 16 —) 21 


3. What is the area of the region bounded by the 
graphs of y = -x + 5, the x-axis, and the lines 
x = 3 and x = 5? 


A) 27 B) 13 C)7 D)3 E)2 


4, What is the area of the region bounded by the 
graph of y = x" — 9 and the x-axis? 


A) 27 B) 36 C) 28 D) 40 E) 49 


5, What is the area of the region bounded by the 
graphs of y = x" — 3x + 2, the x-axis, and the 
lines x = 1 and x = 3? 


c)1 ee 5) = 


6. What is the area of the region bounded by the 
graph of y = x°, the y-axis, and the line y = 8? 


a2 Be ol® ps wiz 
3 3 


7. What is the area of the region bounded by the 
graph of y = x°— 7x + 10 and the line y = x + 3? 


A) 33 B) 27 Cc) 18 D) 36 E) 42 


8. What is the area of the region bounded the graphs 
of y = x*°-x + landy =-x* + 2x + 3? 
) 146 68 125 


B) Cc) D) iG E) 49 
if 3 24 2 


A 


Integrals 


9, 


10. 


1, 


12. 


Chapter Review Test 24 


What is the area of the region bounded by the 
graph of y = sin 2x and the x-axis on the 
interval |0, |? 


A) 2 B)4 cys D) 3x E) 4x 


What is the area of the region bounded by the 
graph of y = 3x — 4, the y-axis, and the lines 
y = land y = 4? 


vi 13 


jal pB of 
3 2 5 


What is the volume of the solid figure generated 
by rotating the area between y = x and the 
x-axis around the x-axis on the interval |0, 3]? 


27% 


Aye B) 27m Cc)" Dp) 27 E) on 


What is the volume of the solid figure generated 
= 2° + 1, the 
x-axis, and the lines x = 0 and x = 1 around the 


by rotating the area between y 


X-axis? 


19x 8 


ayn B)18™ cyan Dy 28% 17m 
15 


=). = — 
2 


13. 


14, 


15. 


16. 


What is the volume of the solid figure generated 
by rotating the area between the graphs of 
y = x° + 2 and y = 3 around the x-axis? 


27m 


PY feat B) 104m 
o 


15 


Cc) 48 
5 


163m 32n 
15 3 


D) 


What is the volume of the solid figure generated 
by rotating the area between the graphs of 
y = 3x +2 and y = x + 8 around the x-axis on 
the interval |0, 1]? 


178n 


A) 65n B) 27x c) 


3 


What is the volume of the solid figure generated, 
by rotating the area of the region between 
y = 3x — 1, the y-axis, and the lines y = 1 and 
y = 2 around the y-axis ? 


T 
Bs 
3 


What is the volume of the solid figure generated. 
by rotating the area of the region between the 
graph of y = 2x — 1 and the x-axis through 180° 
on the interval |0, 2|? 


21n 


Ho" 140 
4 


A) — ),—— 
3 


E) in 


1, What is the area of the region bounded by the 
graphs of y = 3x — 1 and the lines x = 0 and 
y=2? 

A) ca B) 3} c)2 D)1 E) i 
ba 2 3 3 


2, What is the area of the region bounded by the 
graph of y = 3x" + 4, the x-axis, and the lines 
x = landx = 3? 


A) 34 B) 29 Cc) 21 D) 16 E)9 


3, The figure shows the 
graph of f(x) = x°. 
Given 2S, = S,, finda. 


A)2 8B) 292 cy) ¥ vd) Ye «=z Vis 


4, What is the area of the region bounded by the 
graph of y = Sx + 1 and the x and y-axes? 


A)l B) 3 C) 0.3 D) 0.2 E) 0.1 


5, What is the area of the region bounded by the 
graphs of y = 2x + 1 and y = 5 - 2x and the 
x-axis? 


6. What is the area of the region bounded by the 
graph of y = x° — 4x and the x-axis? 


A) 12 BF oi pe 16 


3 


7. What is the area of the region between the graphs 
of y = x°— 6x and y = -9 and the y-axis? 


A) 32 B) 27 Cc) 18 D)9 E)4 


8. What is the area of the region between the graphs 
of y = x*-x + land y =-x*—4x + 3? 


5 127 
A) 145 B) 125 Cc) D) : F) 49 


Integrals 


9, What is the area of the region bounded by the 
graphs of y = cos2x and x = mand the x-axis? 


A) 2 B)4 cys D) 3x E) 4x 


1Q, What is the area of the region bounded by the 
graphs of y = cos2x and y = sinx on the interval 


10, nl? 
A) 3v3 -2 B) ¥3-2 C) 12n-2 
D) 6V3 + 2 E) 63-2 


ll, What is the area of the region bounded by the 
graphs of x = y + 1, y-axis, y = 1 and y = 3? 


A) B) — c)9 D) — E)— 
3 6 


12. What is the volume of the solid generated by 
rotating the area between the graphs of y = 3x —-1, 
x = 2and x = 3 around the x-axis? 


iny SER B) 16m C)22n D)42n E) 43n 
3 


Chapter Rev cow Test 32 


13, What is the volume of the solid figure generated 
by rotating the area between y = x° — 2x and the 
x-axis around the x-axis ? 


Ayan By 8% cy am py BE gy 16m 
3 15 


14. What is the volume of the solid figure generated by 
rotating the area between the graphs of y = 5x -1, 
x = 1,x = 2 and the x-axis around the y-axis?. 


B) 27x 


15, What is the volume of the solid figure generated 
by rotating the area between the graphs of 
y = x°- 3x —4, x = 2, x = 5 and the x-axis 
around the x-axis? 
2 
A) 197n 28n 441n ) 1?n TC 


B Cc) D E 
27 , 3 10 3 a) 


16. What is the volume of the solid figure generated 
by rotating the area between the graphs of 
y = 2x-1,x=1,x = 2and the x-axis through 
180° around y-axis? 
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Answers to Tests 


i$ 


discontinuity: a pomt at which a mathematical 


function is not continuous. 


F 


floor function a function which gives the greatest 
integer number which is smaller than the value of a 
B given function. 


absolute value function: a function which is always 
defined positively: if f(x) > 0 then |f(x)| = f(x), and if 
f(x) < 0 then | f(x) |= fe). 


antiderivative: a function F(x) + c for which F’(x) = f(x). 


fundamental theorem af calculus: the theorem that we 
boundary: a curve or a point which limits a region or a use to find the definite integral of a function. 


line. 


indefinite éntegral the set of all the antiderivatives of 
constant of integration: the constant term c which must a function. 


be added when calculating an indefinite integral. 


integrable function: a function which has an integral 


continuous function: a function whose graph is a on a given interval. 


integral. a mathematical term that can be interpreted 
as the area under a graph or as a generalization of this 
area. 


continuous line, with no breaks. 


definite integral’ the area between the graph of a 


integral sign: the sign J that we use to show the 
integral of a function. 


continuous function f(x) on an interval |a, b| and the integrand: the algebraic expression under the integral 
x-axis. sign. 

integration. the process of finding the integral of a 
function. 


derivative: the rate of change of a function at a given 


point. 


integration by parts: a technique for finding an 


differentiable function: a function which has a 
integral of the form Juv’ dx by expanding the 


derivative at a given point. 
differential of a product of functions d(uv) and 


expressing the original integral in terms of a known 
variable in an integral. integral. 


differential’ the expression dx which shows the 


differentiation: the process of finding the derivative of interval the set of all real numbers between two 


a function. known numbers a and b, written |a, b|. 


inverse conversion formulas: the formulas for writing 


sign function: a function that gives the sign of a function 
F(x). If f(x) is positive then the sign function has value 
+1, if f(x) is 0 then the sign is 0 and when f(x) is 
negative its signum is —1. 


the product of two trigonometric functions as the sum 
or difference of two other trigonometric functions. 


EL 


Leibniz's rule: a rule which gives a formula for 
the differentiation of a definite mtegral whose limits 
are functions of the differentiable variables. 


solid af revolution: a solid figure that is generated by 
rotating any curve or the graph of a function around 
the x or y axis. 

substitution teethod: the method for finding the 
integral of a function by using different and suitable 
variables instead of x. 


lower limit: ina definite integral, the lower limit is the 
first number in the interval. 


Mean Value Theorem: a theorem that is used to find a 
number c in an interval Ja, b| such that f(c) is the ratio 
of the definite integral on the given interval to the 
difference of a and b. 


surface ef revolution: the surface area of a solid of 
revolution. 


T 


tan x/2 substitution’ a method for integrating a 
function which includes linear expressions of sin x 
and cos x by using the substitution t = tan (x/2). 


P 


partial fraction: when a complicated fraction is given 
we can write it as the sum of simpler fractions. These 
fractions are called partial fractions. 


trigonometric substitution: a method for finding the 
integral of a radical expression which includes 
expressions such as x° + a° or a°+ x*, 


upper Umit: in a definite integral, the upper limit is 
the last number in the interval. 


Vv 


volume @f revolution: the volume of a solid of 
Tevolution. 


primitive of @ function: the antiderivative of a 
function. 


radical function: a function which contains one or 
more radical expressions such square roots, cube roots, 
etc. 


rational function: a function which is written as the 
quotient of polynomials. 

reducible function: a function that can be written in a 
simpler form, or as the multiplication of simpler 
functions. 
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(sinx)’ = cosx 


(cos x)’ = -smx 


(tanx) = sec?x = 1 + tan°x 


(cotx)’ = -ese*x = -(1 + cot*x) 


(secx)’ = secx-tanx 


(esex)’ = -csex- cox 
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